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❆❜str❛❝t✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r❡s❡♥t s♦♠❡ r❡s✉❧ts ❛❜♦✉t ❜❧♦✇ ✉♣ ♦❢ r❡❣✉❧❛r s♦❧✉t✐♦♥s t♦ t❤❡ ❤♦✲
♠♦❣❡♥❡♦✉s ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❞❛t❛ ✐♥ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ H˙s(■❘3)✱
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1
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< s <
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2
· ❋✐rst❧②✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ♠✐♥✐♠❛❧ ❜❧♦✇ ✉♣ ◆❛✈✐❡r✲❙t♦❦❡s s♦❧✉t✐♦♥s ❛♥❞
s❤♦✇ t❤❛t t❤❡ s❡t ♦❢ s✉❝❤ s♦❧✉t✐♦♥s ✐s ♥♦t ♦♥❧② ♥♦♥❡♠♣t② ❜✉t ❛❧s♦ ❝♦♠♣❛❝t ✐♥ ❛ ❝❡rt❛✐♥ s❡♥s❡✳ ❙❡❝♦♥❞❧②✱
✇❡ ✇✐❧❧ st❛t❡ ❛♥ ✉♥✐❢♦r♠ ❜❧♦✇ ✉♣ r❛t❡ ❢♦r ♠✐♥✐♠❛❧ ◆❛✈✐❡r✲❙t♦❦❡s s♦❧✉t✐♦♥s✳ ❚❤❡ ❦❡② t♦♦❧ ✐s ♣r♦✜❧❡
t❤❡♦r② ❛s ❡st❛❜❧✐s❤❡❞ ❜② P✳ ●ér❛r❞ ❬✶✼❪✳
✶✳ ■♥tr♦❞✉❝t✐♦♥
❲❡ ❝♦♥s✐❞❡r t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠ ❢♦r ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞s ❡✈♦❧✈✐♥❣ ✐♥ t❤❡ ✇❤♦❧❡ s♣❛❝❡ ■❘3✳ ❉❡✲
♥♦t✐♥❣ ❜② u t❤❡ ✈❡❧♦❝✐t②✱ ❛ ✈❡❝t♦r ✜❡❧❞ ✐♥ ■❘3✱ ❜② p ✐♥ ■❘ t❤❡ ♣r❡ss✉r❡ ❢✉♥❝t✐♦♥✱ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ❢♦r
t❤❡ ❤♦♠♦❣❡♥❡♦✉s ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠ ✐s ❣✐✈❡♥ ❜②
✭✶✮


∂tu+ u · ∇u−∆u = −∇p
div u = 0
u|t=0 = u0.
❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ❛❞♦♣t t❤❡ ✉s❡❢✉❧ ♥♦t❛t✐♦♥ NS(u0) t♦ ♠❡❛♥ t❤❡ ♠❛①✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡
◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ u0✳
❉❡✜♥✐t✐♦♥ ✶✳✶✳ ▲❡t s ✐♥ ■❘✳ ❚❤❡ ❤♦♠♦❣❡♥❡♦✉s ❙♦❜♦❧❡✈ s♣❛❝❡ H˙s(■❘3) ✐s t❤❡ s♣❛❝❡ ♦❢ t❡♠♣❡r❡❞
❞✐str✐❜✉t✐♦♥s u ♦✈❡r ■❘3✱ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ ✇❤✐❝❤ ❜❡❧♦♥❣s t♦ L1loc(■❘
3) ❛♥❞ s❛t✐s✜❡s
‖u‖H˙s
❞❡❢
=
(∫
■❘
3
|ξ|2s|û(ξ)|2dξ
) 1
2
<∞.
■t ✐s ❦♥♦✇♥ t❤❛t H˙s(■❘3) ✐s ❛♥ ❍✐❧❜❡rt s♣❛❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ s < 32 ✳ ❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② (·|·)H˙s(■❘3)✱ t❤❡
s❝❛❧❛r ♣r♦❞✉❝t ✐♥ H˙s(■❘3)✳ ❋r♦♠ ♥♦✇ ♦♥✱ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✐t ✇✐❧❧ ❜❡ ❛♥ ✐♠♣❧✐❝✐t ✉♥❞❡rst❛♥❞✐♥❣
t❤❛t ❛❧❧ ❝♦♠♣✉t❛t✐♦♥s ✇✐❧❧ ❜❡ ❞♦♥❡ ✐♥ t❤❡ ✇❤♦❧❡ s♣❛❝❡ ■❘3✳
❇❡❢♦r❡ st❛t✐♥❣ t❤❡ r❡s✉❧ts ✇❡ ♣r♦✈❡ ✐♥ t❤✐s ♣❛♣❡r✱ ✇❡ r❡❝❛❧❧ t✇♦ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✐♥❝♦♠✲
♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ L2 ❡♥❡r❣②✳ ❋♦r♠❛❧❧②✱ ❧❡t ✉s
t❛❦❡ t❤❡ L2 s❝❛❧❛r ♣r♦❞✉❝t ✇✐t❤ t❤❡ ✈❡❧♦❝✐t② u ✐♥ t❤❡ ❡q✉❛t✐♦♥✳ ❲❡ ❣❡t
✭✷✮
1
2
d
dt
||u(t)||2L2 + ||∇u(t)||2L2 = −
∫
R3
(
u· ∇u(t)|u(t))
L2
−
∫
R3
(∇p(t)|u(u))
L2
.
❚❤❛♥❦s t♦ t❤❡ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ❝♦♥❞✐t✐♦♥✱ ♦❜✈✐♦✉s ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❛♥② ✈❡❝t♦r ✜❡❧❞ a
✭✸✮
(
u· ∇a|a)
L2
= 0 =
(∇p|a)
L2
.
❚❤✐s ❣✐✈❡s
✭✹✮
1
2
d
dt
||u(t)||2L2 + ||∇u(t)||2L2 = 0.
❉❛t❡✿ ◆♦✈❡♠❜❡r ✶✼✱ ✷✵✶✹✳
❑❡② ✇♦r❞s ❛♥❞ ♣❤r❛s❡s✳ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s❀ ❜❧♦✇ ✉♣❀ ♣r♦✜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥✳
✶
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❚❤❡ s❡❝♦♥❞ ♣r♦♣❡rt② ♦❢ t❤❡ s②st❡♠ ✐s t❤❡ s❝❛❧✐♥❣ ✐♥✈❛r✐❛♥❝❡✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❛❜♦✈❡ ♦♣❡r❛t♦r✿
∀α ∈ ■❘+, ∀λ ∈ ■❘+∗ , ∀x0 ∈ ■❘3, Λαλ,x0 u(t, x)
❞❡❢
=
1
λα
u
( t
λ2
✱x− x0
λ
)
.
■❢ α = 1, ✇❡ ♥♦t❡ Λ1λ,x0 = Λλ,x0 .
✭✺✮
■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✐❢ u ✐s s♠♦♦t❤ s♦❧✉t✐♦♥ ♦❢ ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠ ♦♥ [0, T ] × ■❘3 ✇✐t❤ ♣r❡ss✉r❡ p
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ u0✱ t❤❡♥✱ ❢♦r ❛♥② ♣♦s✐t✐✈❡ λ✱ t❤❡ ✈❡❝t♦r ✜❡❧❞ ❛♥❞ t❤❡ ♣r❡ss✉r❡
uλ
❞❡❢
= Λλ,x0 u ❛♥❞ pλ
❞❡❢
= Λ2λ,x0 p
✐s ❛ s♦❧✉t✐♦♥ ♦❢ ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, λ2T ]× ■❘3✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛
u0,λ = Λλ,x0 u0.
❚❤✐s ❧❡❛❞s t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s❝❛❧✐♥❣ ✐♥✈❛r✐❛♥t s♣❛❝❡✱ ✇❤✐❝❤ ✐s ❛ ❦❡② ♥♦t✐♦♥ t♦ ✐♥✈❡st✐❣❛t❡ ❧♦❝❛❧ ❛♥❞
❣❧♦❜❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ✐ss✉❡s ❢♦r ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠✳
❉❡✜♥✐t✐♦♥ ✶✳✷✳ ❆ ❇❛♥❛❝❤ s♣❛❝❡ X ✐s s❛✐❞ t♦ ❜❡ s❝❛❧✐♥❣ ✐♥✈❛r✐❛♥t✱ ✐❢ ✐ts ♥♦r♠ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡
s❝❛❧✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡✜♥❡❞ ❜② u 7→ uλ
||uλ||X = ||u||X
❚❤❡ ✜rst ♠❛✐♥ r❡s✉❧t ♦♥ ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠ ✐s ❞✉❡ t♦ ❏✳ ▲❡r❛②✱ ✇❤♦ ♣r♦✈❡❞ ✐♥ ❬✷✺❪
✐♥ 1934 t❤❛t ❣✐✈❡♥ ❛♥ ✐♥✐t✐❛❧ ❞❛t❛ ✐♥ t❤❡ ❡♥❡r❣② s♣❛❝❡ L2✱ t❤❡ ❛ss♦❝✐❛t❡❞ ◆❙✲s♦❧✉t✐♦♥s✱ ❝❛❧❧❡❞ ✇❡❛❦
s♦❧✉t✐♦♥s✱ ❡①✐st ❣❧♦❜❛❧❧② ✐♥ t✐♠❡✳ ❚❤❡ ❦❡② ✐♥❣r❡❞✐❡♥t ♦❢ t❤❡ ♣r♦♦❢ ✐s t❤❡ L2✲❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥ ✭✹✮✳
▼♦r❡♦✈❡r✱ s✉❝❤ s♦❧✉t✐♦♥s ❛r❡ ✉♥✐q✉❡ ✐♥ 2✲❉❀ ❜✉t t❤❡ ✉♥✐q✉❡♥❡ss ✐♥ 3✲❉ ✐s st✐❧❧ ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳ ❖♥❡
✇❛② t♦ ❛❞r❡ss t❤✐s q✉❡st✐♦♥ ♦❢ ✉♥✐q✉❡ s♦❧✈❛❜✐❧✐t② ✐♥ 3✲❉ ✐s t♦ ❞❡♠❛♥❞ s♠♦♦t❤❡r ✐♥✐t✐❛❧ ❞❛t❛✳ ■♥ t❤✐s
❝❛s❡✱ ✇❡ ❞❡✜♥✐t❡❧② ❣❡t ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✱ ❜✉t t❤❡ ♦t❤❡r s✐❞❡ ♦❢ ❝♦✐♥ ✐s t❤❛t t❤❡ ♣r♦❜❧❡♠ ✐s ♦♥❧② ❧♦❝❛❧❧②
✇❡❧❧✲♣♦s❡❞ ✭❛♥❞ ❜❡❝♦♠❡s ❣❧♦❜❛❧❧② ✇❡❧❧✲♣♦s❡❞ ✉♥❞❡r ❛ s❝❛❧✐♥❣ ✐♥✈❛r✐❛♥t s♠❛❧❧♥❡ss ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡
✐♥✐t✐❛❧ ❞❛t❛✮✳ ❏✳ ▲❡r❛② st❛t❡❞ s✉❝❤ ❛ t❤❡♦r❡♠ ♦❢ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s✱ ✇❤✐❝❤ ❤❡ ❝❛❧❧❡❞ s❡♠✐✲r❡❣✉❧❛r
s♦❧✉t✐♦♥s✳
❚❤❡♦r❡♠ ✶✳✶✳ ▲❡t ❛♥ ✐♥✐t✐❛❧ ❞❛t❛ u0 ❜❡ ❛ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ✈❡❝t♦r ✜❡❧❞ ✐♥ L
2 s✉❝❤ t❤❛t∇u0 ❜❡❧♦♥❣s t♦ L2✳
❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ t✐♠❡ T ✱ ❛♥❞ ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ NS(u0) ✐♥ C0([0, T ], H˙1) ∩ L2([0, T ], H˙2)✳
▼♦r❡♦✈❡r✱ ❛ ❝♦♥st❛♥t c1 ❡①✐sts s✉❝❤ t❤❛t ✐❢ ||u0||L2 ||∇u0||L2 6 c1✱ t❤❡♥ T ❝❛♥ ❜❡ ❝❤♦s❡♥ ❡q✉❛❧ t♦ ∞✳
❚❤❡ r❡❛❞❡r ✇✐❧❧ ❤❛✈❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ q✉❛♥t✐t② ||u0||L2 ||∇u0||L2 ✐s s❝❛❧✐♥❣ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ♦♣❡r✲
❛t♦r Λλ,x0 ✳ ❆❝t✉❛❧❧②✱ t❤❛t ✐s t❤❡ st❛rt✐♥❣ ♣♦✐♥t ♦❢ ♠❛♥② ❢r❛♠❡✇♦r❦s ❝♦♥❝❡r♥✐♥❣ t❤❡ ❣❧♦❜❛❧ ❡①✐st❡♥❝❡
✐♥ t✐♠❡ ♦❢ s♦❧✉t✐♦♥s ✉♥❞❡r ❛ s❝❛❧✐♥❣ ✐♥✈❛r✐❛♥t s♠❛❧❧♥❡ss ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❞❛t❛✳ ❚❤❡ ❝❡❧❡❜r❛t❡❞
✜rst ♦♥❡ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ 1964✱ ❜② ❍✳ ❋✉❥✐t❛ ❛♥❞ ❚✳ ❑❛t♦✳ ❚❤❡s❡ ❛✉t❤♦rs st❛t❡❞ ❛ s✐♠✐❧❛r r❡s✉❧t
❛s ❏✳ ▲❡r❛②✱ ❜✉t t❤❡② ❞❡♠❛♥❞❡❞ ❧❡ss r❡❣✉❧❛r✐t② ♦♥ t❤❡ ❞❛t❛✳ ■♥❞❡❡❞✱ t❤❡② ♣r♦✈❡❞ t❤❛t ❢♦r ❛♥② ✐♥✐✲
t✐❛❧ ❞❛t❛ ✐♥ H˙
1
2 ✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ t✐♠❡ T ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ NS(u0) ❜❡❧♦♥❣✐♥❣
t♦ C0([0, T ], H˙ 12 ) ∩ L2([0, T ], H˙ 32 )✳ ▼♦r❡♦✈❡r✱ ✐❢ ‖u0‖
H˙
1
2
✐s s♠❛❧❧ ❡♥♦✉❣❤✱ t❤❡♥ t❤❡ s♦❧✉t✐♦♥ ✐s ❣❧♦❜❛❧ ✐♥
t✐♠❡✳ ❚❤✐s t❤❡♦r❡♠ ❝❛♥ ❜❡ ♣r♦✈❡❞ ❜② ❛ ✜①❡❞✲♣♦✐♥t ❛r❣✉♠❡♥t ❛♥❞ t❤❡ ❦❡② ✐♥❣r❡❞✐❡♥t ♦❢ t❤❡ ♣r♦♦❢ ✐s t❤❛t
t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ H˙
1
2 ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ♦♣❡r❛t♦r Λλ,x0 ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ H˙
1
2
❤❛s ❡①❛❝t❧② t❤❡ s❛♠❡ s❝❛❧✐♥❣ ❛s ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✶❪✱ ❬✶✸❪ ♦r ❬✷✹❪ ❢♦r ♠♦r❡
❞❡t❛✐❧s ♦❢ t❤❡ ♣r♦♦❢✳ ❇✉t ✐♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛r❡ ♥♦t ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❦✐♥❞ ♦❢ s♣❛❝❡✳ ❖♥ t❤❡
❝♦♥tr❛r②✱ ✇❡ ✇♦r❦ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ ❜❡❧♦♥❣✐♥❣ t♦ ❤♦♠♦❣❡♥❡♦✉s ❙♦❜♦❧❡✈ s♣❛❝❡s✱ H˙s ✇✐t❤
1
2
< s <
3
2
✱
✇❤✐❝❤ ♠❡❛♥s t❤❛t ✇❡ ❛r❡ ❛❜♦✈❡ t❤❡ ♥❛t✉r❛❧ s❝❛❧✐♥❣ ♦❢ t❤❡ ❡q✉❛t✐♦♥✳ ❚❤❡ ✜rst t❤✐♥❣ t♦ ❞♦ ✐s t♦ ♣r♦✈✐❞❡
❛♥ ❡①✐st❡♥❝❡ t❤❡♦r❡♠ ♦❢ ◆❛✈✐❡r✲❙t♦❦❡s s♦❧✉t✐♦♥s ✇✐t❤ ❞❛t❛ ✐♥ s✉❝❤ ❙♦❜♦❧❡✈ s♣❛❝❡s H˙s✳ ❚❤❡ ❈❛✉❝❤②
♣r♦❜❧❡♠ ✐s ❦♥♦✇♥ t♦ ❜❡ ❧♦❝❛❧❧② ✇❡❧❧✲♣♦s❡❞❀ ✐t ❝❛♥ ❜❡ ♣r♦✈❡❞ ❜② ❛ ✜①❡❞✲♣♦✐♥t ♣r♦❝❡❞✉r❡ ✐♥ ❛♥ ❛❞❡q✉❛t❡
❢✉♥❝t✐♦♥ s♣❛❝❡ ✭✇❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ t❤❡ ❜♦♦❦ ❬✷✹❪✱ ❢r♦♠ ♣❛❣❡ 146 t♦ 148✱ ♦❢ P✲●✳ ▲❡♠❛r✐é✲❘✐❡✉ss❡t✮✳
❆❇❖❯❚ ❚❍❊ ❇❊❍❆❱■❖❯❘ ❖❋ ❘❊●❯▲❆❘ ◆❆❱■❊❘✲❙❚❖❑❊❙ ❙❖▲❯❚■❖◆❙ ◆❊❆❘ ❚❍❊ ❇▲❖❲ ❯P ✸
❲❡ s❤❛❧❧ ❝♦♥st❛♥t❧② ❜❡ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧✐✜❡❞ ♥♦t❛t✐♦♥s✿
L∞T (H˙
s)
❞❡❢
= L∞([0, T ], H˙s) ❛♥❞ L2T (H˙
s+1)
❞❡❢
= L2([0, T ], H˙s+1).
▲❡t ✉s ❞❡✜♥❡ t❤❡ r❡❧❡✈❛♥t ❢✉♥❝t✐♦♥ s♣❛❝❡ ✇❡ s❤❛❧❧ ❜❡ ✇♦r❦✐♥❣ ✇✐t❤ ✐♥ t❤❡ s❡q✉❡❧✿
XsT
❞❡❢
= L∞T (H˙
s) ∩ L2T (H˙s+1), ❡q✉✐♣♣❡❞ ✇✐t❤ ‖u‖2XsT
❞❡❢
= ‖u‖2
L∞T (H˙
s)
+ ‖u‖2
L2T (H˙
s+1)
.
❚❤❡♦r❡♠ ✶✳✷✳ ▲❡t u0 ❜❡ ✐♥ H˙
s✱ ✇✐t❤
1
2
< s <
3
2
✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ t✐♠❡ T ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡
s♦❧✉t✐♦♥ NS(u0) s✉❝❤ t❤❛t NS(u0) ❜❡❧♦♥❣s t♦ L
∞
T (H˙
s) ∩ L2T (H˙s+1)✳
▼♦r❡♦✈❡r✱ ❧❡t T∗(u0) ❜❡ t❤❡ ♠❛①✐♠❛❧ t✐♠❡ ♦❢ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛ s♦❧✉t✐♦♥✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡
❝♦♥st❛♥t c s✉❝❤ t❤❛t
✭✻✮ T∗(u0) ‖u0‖σs
H˙s
> c, ✇✐t❤ σs
❞❡❢
=
1
1
2(s− 12)
·
❘❡♠❛r❦ ✶✳✶✳ ❆s ❛ ❜②✲♣r♦❞✉❝t ♦❢ t❤❡ ♣r♦♦❢ ♦❢ P✐❝❛r❞✬s ❚❤❡♦r❡♠✱ ✇❡ ❣❡t ❛❝t✉❛❧❧② ❢♦r ❢r❡❡ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣❡rt②✿ ✐❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✐s s♠❛❧❧ ❡♥♦✉❣❤ ✭✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t c0✱ s✉❝❤
t❤❛t T ‖u0‖σs
H˙s
6 c0✮✱ t❤❡♥ ❛ ✉♥✐q✉❡ ◆❛✈✐❡r✲❙t♦❦❡s s♦❧✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐t ❡①✐sts ✭❧♦❝❛❧❧② ✐♥ t✐♠❡✱
✉♥t✐❧ t❤❡ ❜❧♦✇ ✉♣ t✐♠❡ ❣✐✈❡♥ ❜② t❤❡ r❡❧❛t✐♦♥ ✭✻✮✮ ❛♥❞ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r ❝♦♥tr♦❧
✭✼✮ ∀ 0 6 T 6 c0‖u0‖σs
H˙s
✱ ‖NS(u0)(t, · )‖XsT 6 2 ‖u0‖H˙s .
❋♦r♠✉❧❛ ✭✻✮ ✐♥✈✐t❡s ✉s t♦ ❝♦♥s✐❞❡r t❤❡ ❧♦✇❡r ❜♦✉♥❞❛r②✱ ❞❡♥♦t❡❞ ❜② Aσsc ✱ ♦❢ t❤❡ ❧✐❢❡s♣❛♥ ♦❢ s✉❝❤ ❛ s♦❧✉t✐♦♥
Aσsc
❞❡❢
= inf
{
T∗(u0)‖u0‖σs
H˙s
| u0 ∈ H˙s ; T∗(u0) <∞
}
.
❖❜✈✐♦✉s❧②✱ Aσsc ❡①✐sts ❛♥❞ ✐s ❛ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r ❛♥❞ ✇❡ ❛❧✇❛②s ❤❛✈❡ t❤❡ ❢♦r♠✉❧❛
✭✽✮ T∗(u0)‖u0‖σs
H˙s
> Aσsc .
❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ✇❡ ♠❛❞❡ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❜❧♦✇ ✉♣✱ ✇❤✐❝❤ ✐s st✐❧❧ ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ ✇❡ ❝❧❛✐♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦t❤❡s✐s✳
❍②♣♦t❤❡s✐s H✿ ❢♦r ❛♥② 12 < s < 32 ✱ ❛ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ✈❡❝t♦r ✜❡❧❞ u0 ❡①✐sts ✐♥ H˙s s✉❝❤ t❤❛t t❤❡ ❧✐❢❡s♣❛♥
T∗(u0) ✐s ✜♥✐t❡✳
▲❡t Bρ ❜❡ t❤❡ ♦♣❡♥ ❜❛❧❧ ✐♥ H˙s ❞❡✜♥❡❞ ❜② Bρ = {u0 ∈ H˙s / ‖u0‖H˙s < ρ}✳ ▲❡t T∗ > 0 ❜❡ ❛ ♣♦s✐t✐✈❡ r❡❛❧
♥✉♠❜❡r✳ ❲❡ ❞❡✜♥❡ ❛ ❝r✐t✐❝❛❧ r❛❞✐✉s ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛
ρs(T∗)
❞❡❢
=
Ac
T
1
σs∗
·
❉❡✜♥❡❞ ✐♥ t❤✐s ✇❛② ❛♥❞ t❤❛♥❦s t♦ ✭✽✮✱ ✇❡ ❣❡t ❛♥ ❛♥♦t❤❡r ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝r✐t✐❝❛❧ r❛❞✐✉s
ρs(T∗) = sup{ ρ > 0 | ‖u0‖H˙s < ρ =⇒ T∗(u0) > T∗}.
❚❤❛♥❦s t♦ t❤✐s ❞❡✜♥✐t✐♦♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ ♠✐♥✐♠❛❧ ❜❧♦✇ ✉♣ s♦❧✉t✐♦♥ ❢♦r t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s
s②st❡♠✳
❉❡✜♥✐t✐♦♥ ✶✳✸✳ ✭♠✐♥✐♠❛❧ ❜❧♦✇ ✉♣ s♦❧✉t✐♦♥✮
❲❡ s❛② t❤❛t u = NS(u0) ✐s ❛ ♠✐♥✐♠❛❧ ❜❧♦✇ ✉♣ s♦❧✉t✐♦♥ ✐❢ u0 s❛t✐s✜❡s t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✿
‖u0‖H˙s = ρs(T∗) ❛♥❞ T∗(u0) = T∗.
❚❤❡r❡❢♦r❡✱ u = NS(u0) ✐s ❛ ♠✐♥✐♠❛❧ ❜❧♦✇ ✉♣ s♦❧✉t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ A
σs
c ✐s r❡❛❝❤❡❞✿ T∗(u0)‖u0‖σsH˙s = A
σs
c ✳
◗✉❡st✐♦♥✿ ■❢ ρs(T∗) ✐s ✜♥✐t❡✱ ❞♦ s♦♠❡ ♠✐♥✐♠❛❧ ❜❧♦✇ ✉♣ s♦❧✉t✐♦♥s ❡①✐st ❄
✹ ❊❯●➱◆■❊ P❖❯▲❖◆
❲❡ ✇✐❧❧ ♣r♦✈❡ ❛ str♦♥❣❡r r❡s✉❧t✿ t❤❡ s❡t ♦❢ ✐♥✐t✐❛❧ ❞❛t❛ ❣❡♥❡r❛t✐♥❣ ♠✐♥✐♠❛❧ ❜❧♦✇ ✉♣ s♦❧✉t✐♦♥s✱ ❞❡♥♦t❡❞
❜② Ms(T∗)✱ ✐s ♥♦t ♦♥❧② ❛ ♥♦♥❡♠♣t② s✉❜s❡t ♦❢ H˙s ✭✇❤✐❝❤✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❣✐✈❡s t❤❡ ♣♦s✐t✐✈❡ ❛♥s✇❡r t♦
t❤❡ q✉❡st✐♦♥✮ ❜✉t ❛❧s♦ ❝♦♠♣❛❝t ✐♥ ❛ s❡♥s❡ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✶✳✸✳ ❲❡ ❞❡✜♥❡ t❤❡ s❡tMs(T∗) ❛s
❢♦❧❧♦✇s
Ms(T∗) ❞❡❢=
{
u0 ∈ H˙s | T∗(u0) = T∗ ❛♥❞ ‖u0‖H˙s = ρs(T∗)
}
.
❚❤❡♦r❡♠ ✶✳✸✳ ❆ss✉♠✐♥❣ ❤②♣♦t❤❡s✐s H✳ ❋♦r ❛♥② ✜♥✐t❡ t✐♠❡ T∗✱ t❤❡ s❡t Ms(T∗) ✐s ♥♦♥ ❡♠♣t② ❛♥❞
❝♦♠♣❛❝t✱ ✉♣ t♦ tr❛♥s❧❛t✐♦♥s✳ ❚❤✐s ♠❡❛♥s t❤❛t ❢♦r ❛♥② s❡q✉❡♥❝❡ (u0,n)n∈■◆ ♦❢ ♣♦✐♥ts ✐♥ t❤❡ s❡t Ms(T∗)✱
❛ s❡q✉❡♥❝❡ (xn)n∈■◆ ♦❢ ♣♦✐♥ts ♦❢ (■❘3)■◆ ❛♥❞ ❛ ❢✉♥❝t✐♦♥ V ✐♥Ms(T∗) ❡①✐st s✉❝❤ t❤❛t✱ ✉♣ t♦ ❛♥ ❡①tr❛❝t✐♦♥
lim
n→+∞ ||u0,n(·+ xn)− V ||H˙s = 0.
❚❤❡ s❡❝♦♥❞ r❡s✉❧t ♦❢ t❤✐s ♣❛♣❡r st❛t❡s t❤❛t t❤❡ ❜❧♦✇ ✉♣ r❛t❡ ♦❢ ❛ ♠✐♥✐♠❛❧ ❜❧♦✇ ✉♣ s♦❧✉t✐♦♥ ❝❛♥ ❜❡
✉♥✐❢♦r♠❡❧② ❝♦♥tr♦❧❧❡❞ s✐♥❝❡ ✇❡ ❣❡t ❛ ♣r✐♦r✐ ❜♦✉♥❞ ♦❢ t❤❡s❡ ♠✐♥✐♠❛❧ ❜❧♦✇ ✉♣ s♦❧✉t✐♦♥s✳
❚❤❡♦r❡♠ ✶✳✹✳ ✭❈♦♥tr♦❧ ♦❢ ♠✐♥✐♠❛❧ ❜❧♦✇ ✉♣ s♦❧✉t✐♦♥s✮
❆ss✉♠✐♥❣ H✱ t❤❡r❡ ❡①✐sts ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ Fs : [0, Aσsc [→ ■❘+ ✇✐t❤ lim
r→Aσsc
Fs(r) = +∞
s✉❝❤ t❤❛t ❢♦r ❛♥② ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ✈❡❝t♦r ✜❡❧❞ u0 ✐♥ H˙
s✱ ❣❡♥❡r❛t✐♥❣ ♠✐♥✐♠❛❧ ❜❧♦✇ ✉♣ s♦❧✉t✐♦♥ ✭✐t
♠❡❛♥s T∗ (u0)‖u0‖σs
H˙s
= Aσsc )✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥tr♦❧ ♦♥ t❤❡ ♠✐♥✐♠❛❧ ❜❧♦✇ ✉♣ s♦❧✉t✐♦♥ NS(u0)
∀T < T∗(u0), ‖NS(u0)‖XsT 6 ‖u0‖H˙s Fs(T
1
σs ‖u0‖H˙s).
❘❡♠❛r❦ ✶✳✷✳ ▲❡t ✉s ♣♦✐♥t ♦✉t t❤❛t t❤❡ q✉❛♥t✐t② T
1
σs ‖u0‖H˙s ✐s s❝❛❧✐♥❣ ✐♥✈❛r✐❛♥t❀ ✇❤✐❝❤ ✐s ♦❜✈✐♦✉s❧②
♥❡❝❡ss❛r②✳
❚❤❡ t✇♦ ♣r❡✈✐♦✉s t❤❡♦r❡♠s ❛r❡ t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ r❡s✉❧ts✱ ♣r♦✈❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ H˙
1
2 ✳ ❲❡
s❤❛❧❧ ♥♦t r❡❝❛❧❧ ❛❧❧ t❤❡ st❛t❡♠❡♥ts ❡①✐st✐♥❣ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❝♦♥❝❡r♥✐♥❣ t❤❡ r❡❣✉❧❛r✐t② ♦❢ ◆❛✈✐❡r✲❙t♦❦❡s
s♦❧✉t✐♦♥s ✐♥ ❝r✐t✐❝❛❧ s♣❛❝❡s✱ s✉❝❤ ❛s H˙
1
2 ✳ ❲❡ r❡❢❡r ❢♦r ✐♥st❛♥❝❡ t❤❡ r❡❛❞❡r t♦ ❬✶✸❪ ❛♥❞ t♦ t❤❡ ❛rt✐❝❧❡ ♦❢
❈✳ ❑❡♥✐❣ ❡t ●✳ ❑♦❝❤ ❬✶✾❪✱ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs ♣r♦✈❡ t❤❛t ◆❙✲s♦❧✉t✐♦♥s ✇❤✐❝❤ r❡♠❛✐♥ ❜♦✉♥❞❡❞ ✐♥ t❤❡
s♣❛❝❡ H˙
1
2 ❞♦ ♥♦t ❜❡❝♦♠❡ s✐♥❣✉❧❛r ✐♥ ✜♥✐t❡ t✐♠❡✳ ❈♦♥❝❡r♥✐♥❣ ❚❤❡♦r❡♠ ✶✳✸✱ ✇❡ ✇❡r❡ ❧❛r❣❡❧② ✐♥s♣✐r❡❞ ❜②
t❤❡ ❛rt✐❝❧❡ ♦❢ ❲✳ ❘✉s✐♥ ❛♥❞ ❱✳ S˘✈❡ra´❦ ❬✷✾❪✱ ✐♥ ✇❤✐❝❤ t❤❡ ❛✉t❤♦rs s❡t ✉♣ t❤❡ ❦❡② ❝♦♥❝❡♣t ♦❢ ♠✐♥✐♠❛❧
❜❧♦✇✲✉♣ ❢♦r ❞❛t❛ ✐♥ ❙♦❜♦❧❡✈ s♣❛❝❡ H˙
1
2 ✳ ❋✐rst❧②✱ t❤❡② ❞❡✜♥❡❞ ❛ ❝r✐t✐❝❛❧ r❛❞✐✉s ρ 1
2
ρ 1
2
= sup
{
ρ > 0 ❀ ‖u0‖
H˙
1
2
< ρ =⇒ T∗(u0) = +∞
}
.
❚❤❡♥✱ t❤❡② ✐♥tr♦❞✉❝❡❞ ❛ s✉❜s❡t M ♦❢ H˙ 12 ✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ s❡t ♦❢ ♠✐♥✐♠❛❧✲♥♦r♠ s✐♥❣✉❧❛r✐t✐❡s ✭✇❡
s♣❡❛❦ ❛❜♦✉t ♠✐♥✐♠❛❧ ♥♦r♠ ✐♥ t❤❡ s❡♥s❡ ♦❢ ‖u0‖
H˙
1
2
✐s ❡q✉❛❧ t♦ t❤❡ ❝r✐t✐❝❛❧ r❛❞✐✉s ρ 1
2
✮
M = {u0 ∈ H˙ 12 ❀ T∗(u0) < +∞ ❛♥❞ ‖u0‖
H˙
1
2
= ρ 1
2
}
.
❚❤❛♥❦s t♦ t❤❡s❡ ❞❡✜♥✐t✐♦♥s✱ ❲✳ ❘✉s✐♥ ❛♥❞ ❱✳ S˘✈❡ra´❦ ♣r♦✈❡❞ t❤❛t ✐❢ t❤❡r❡ ❡①✐st ❡❧❡♠❡♥ts ✐♥ t❤❡ s♣❛❝❡ H˙
1
2
✇❤✐❝❤ ❞❡✈❡❧♦♣ s✐♥❣✉❧❛r✐t✐❡s ✐♥ ✜♥✐t❡ t✐♠❡ ✭✇❡ ❛ss✉♠❡ t❤❛t ❜❧♦✇✲✉♣ ♦❝❝✉rs✮✱ t❤❡♥ s♦♠❡ ♦❢ t❤❡s❡ ❡❧❡♠❡♥ts
❛r❡ ♦❢ ♠✐♥✐♠❛❧ H˙
1
2 ✲♥♦r♠ ✭❛♥❞ t❤✉s✱ t❤❡ s❡t M ✐s ♥♦♥❡♠♣t②✮ ❛♥❞ ❝♦♠♣❛❝t ✉♣ t♦ tr❛♥s❧❛t✐♦♥s ❛♥❞
❞✐❧❛t✐♦♥s✳ ■t ♠❡❛♥s t❤❛t ❢♦r ❛♥② s❡q✉❡♥❝❡ (u0,n)n∈■◆ ♦❢ ♣♦✐♥ts ✐♥ t❤❡ s❡t M✱ ❛ s❡q✉❡♥❝❡ (λn, xn)n∈■◆
❛♥❞ ❛ ❢✉♥❝t✐♦♥ ϕ ✐♥ M ❡①✐st s✉❝❤ t❤❛t✱ ✉♣ t♦ ❛♥ ❡①tr❛❝t✐♦♥✱ ✇❡ ❤❛✈❡
lim
n→+∞ ||u0,n − Λλn,xnϕ||H˙ 12 = 0.
▲❡t ✉s ♣♦✐♥t ♦✉t t❤❛t ■✳ ●❛❧❧❛❣❤❡r✱ ●✳ ❑♦❝❤ ❛♥❞ ❋✳ P❧❛♥❝❤♦♥ ❣❡♥❡r❛❧✐③❡ ✐♥ ❬✶✻❪ t❤❡ r❡s✉❧t ♦❢ ❲✳ ❘✉s✐♥
❛♥❞ ❱✳ S˘✈❡ra´❦ t♦ ❝r✐t✐❝❛❧ ▲❡❜❡s❣✉❡ ❛♥❞ ❇❡s♦✈ s♣❛❝❡s✱ s✉❝❤ ❛s L3✳
❈♦♥❝❡r♥✐♥❣ ❚❤❡♦r❡♠ ✶✳✹✱ ♦✉r ♠❛✐♥ s♦✉r❝❡ ♦❢ ✐♥s♣✐r❛t✐♦♥ ✐s ❛ r❡s✉❧t ❡st❛❜❧✐s❤❡❞ ❜② ■✳ ●❛❧❧❛❣❤❡r ✐♥ ❬✶✹❪✳
●✐✈❡♥ ❛♥ ✐♥✐t✐❛❧ ❞❛t❛ u0 ✐♥ t❤❡ ♦♣❡♥ ❜❛❧❧ Bρ 1
2
✳ ❚❤❡♥✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ρ 1
2
✱ NS(u0) ✐s ❛ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ❛♥❞
❆❇❖❯❚ ❚❍❊ ❇❊❍❆❱■❖❯❘ ❖❋ ❘❊●❯▲❆❘ ◆❆❱■❊❘✲❙❚❖❑❊❙ ❙❖▲❯❚■❖◆❙ ◆❊❆❘ ❚❍❊ ❇▲❖❲ ❯P ✺
t❤✉s ❜❡❧♦♥❣s t♦ t❤❡ s♣❛❝❡ L4(■❘+, H˙
1)✱ t❤❛♥❦s t♦ t❤❡ ✐♠♣♦rt❛♥t ♣❛♣❡r ❬✶✺❪ ♦❢ ■✳ ●❛❧❧❛❣❤❡r✱ ❉✳ ■❢t✐♠✐❡
❛♥❞ ❋✳ P❧❛♥❝❤♦♥✳ ■♥ t❤✐s ✇❛②✱ t❤❡ ❜❧♦✇ ✉♣ ✐♥ t❤❡ E■❘+ = L
∞(■❘+, H˙
1
2 ) ∩ L2(■❘+, H˙ 32 )✲♥♦r♠ ❞♦❡s ♥♦t
♦❝❝✉r✳ ❊✈❡♥ ❜❡tt❡r✿ ■✳ ●❛❧❧❛❣❤❡r ♣r♦✈❡❞ ✐♥ ❬✶✹❪ t❤❡ ❛ ♣r✐♦r✐ ❝♦♥tr♦❧ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s s♦❧✉t✐♦♥ ✇✐t❤
❞❛t❛ ✐♥ t❤❡ ♦♣❡♥ ❜❛❧❧ Bρ 1
2
✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡r❡ ❡①✐sts ❛ ♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ F ❞❡✜♥❡❞ ❢r♦♠ [0, ρ 1
2
[
t♦ ■❘+ s✉❝❤ t❤❛t ❢♦r ❛♥② ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ✈❡❝t♦r ✜❡❧❞ u0 ✐♥ t❤❡ ♦♣❡♥ ❜❛❧❧ Bρ 1
2
✱ ✇❡ ❤❛✈❡
‖NS(u0)‖E■❘+ 6 F (‖u0‖H˙ 12 ).
◆♦t❛t✐♦♥✳ ❲❡ s❤❛❧❧ ❞❡♥♦t❡ ❜② C ❛ ❝♦♥st❛♥t ✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs
❛♣♣❡❛r✐♥❣ ✐♥ t❤✐s ♣❛♣❡r✱ ❛♥❞ ✇❤✐❝❤ ♠❛② ❝❤❛♥❣❡ ❢r♦♠ ❧✐♥❡ t♦ ❧✐♥❡✳ ❲❡ s❤❛❧❧ ❛❧s♦ ❞❡♥♦t❡ s♦♠❡t✐♠❡s x . y
t♦ ♠❡❛♥ t❤❡r❡ ❡①✐sts ❛♥ ❛❜s♦❧✉t❡ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t x 6 C y✳
❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿
■♥ s❡❝t✐♦♥ 2✱ ✇❡ r❡❝❛❧❧ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t♦♦❧ ♦❢ t❤✐s ♣❛♣❡r ✿ ♣r♦✜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡
✐♥ H˙s✳ ❚❤❡♥✱ ✇❡ ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ ♠✐♥✐♠❛❧ ❜❧♦✇ ✉♣ s♦❧✉t✐♦♥s s❡t ✭❚❤❡♦r❡♠ ✶✳✸✮
❛♥❞ ❝♦♥tr♦❧ ♦❢ ♦❢ s✉❝❤ s♦❧✉t✐♦♥s ✭❚❤❡♦r❡♠ ✶✳✹✮✳ ❚❤❡s❡ t✇♦ r❡s✉❧ts ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❝r✉❝✐❛❧ ❚❤❡♦r❡♠ ✷✳✷
❛❜♦✉t t❤❡ ❧✐❢❡s♣❛♥ ♦❢ ❛ ◆❛✈✐❡r✲❙t♦❦❡s s♦❧✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ♦❢ H˙s✳
❙❡❝t✐♦♥ 3 ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✱ t❤❛♥❦s t♦ ❛ r❡❣✉❧❛r✐③❛t✐♦♥ ♣r♦❝❡ss✳ ❋✐rst❧②✱ ✇❡ ✇✐❧❧
s❡❡ t❤❛t ✐t ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✸✳✶✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ str✉❝t✉r❡ ♦❢ ❛ ◆❛✈✐❡r✲❙t♦❦❡s
s♦❧✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ♦❢ ❞❛t❛ ✐♥ H˙s✳ ❙❡❝♦♥❞❧②✱ ✇❡ ✇✐❧❧ ♣r♦✈✐❞❡ s♦♠❡ ❤❡❧♣❢✉❧
t♦♦❧s ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ ▲❡♠♠❛ ✸✳✶✳
■♥ s❡❝t✐♦♥ 4✱ ✇❡ ♣r♦✈❡ ▲❡♠♠❛ ✸✳✶✱ t❤❡ r❡s✉❧t ♦♥ ✇❤✐❝❤ ❛❧❧ ♦t❤❡rs ❛r❡ ❜❛s❡❞ ♦♥✳ ❚❤✐s s❡❝t✐♦♥ ✐s t❤❡
♠♦st t❡❝❤♥✐❝❛❧ ♣❛rt ♦❢ t❤❡ ♣❛♣❡r✳ ■t r❡❧✐❡s ♦♥ ❝❧❛ss✐❝❛❧ ♣r♦❞✉❝t ❛♥❞ ♣❛r❛♣r♦❞✉❝t ❡st✐♠❛t❡s✱ ✇❤✐❝❤ ❛r❡
❝♦❧❧❡❝t❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆ ❛♥❞ ❇✳
❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✳ ■ ❛♠ ✈❡r② ❣r❛t❡❢✉❧ t♦ ■✳ ●❛❧❧❛❣❤❡r ❢♦r ❢r✉✐t❢✉❧ ❞✐s❝✉ss✐♦♥s ❛r♦✉♥❞ t❤❡ q✉❡st✐♦♥
♦❢ ♥♦♥✲s❝❛❧❡ ✐♥✈❛r✐❛♥t s♣❛❝❡s ❛♥❞ t♦ P✳ ●ér❛r❞ ❢♦r ♠❛♥② ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts✳
✷✳ Pr♦❢✐❧❡s t❤❡♦r②✱ ❝♦♠♣❛❝t♥❡ss r❡s✉❧t ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥
❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✶✳✸ ❛♥❞ ✶✳✹✳ ❋♦❧❧♦✇✐♥❣ ■✳ ●❛❧❧❛❣❤❡r ❬✶✹❪✱ ❲✳ ❘✉s✐♥
❛♥❞ ❱✳ S˘✈❡ra´❦ ❬✷✾❪✱ ❈✳ ❑❡♥✐❣ ❛♥❞ ●✳ ❑♦❝❤ ❬✶✾❪ ❛♥❞ ■✳ ●❛❧❧❛❣❤❡r✱ ●✳ ❑♦❝❤✱ ❋✳ P❧❛♥❝❤♦♥ ❬✶✻❪✱ ✇❡ s❤❛❧❧
✉s❡ ♣r♦✜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ t❤❡♦r②✳ ❚❤❡ ♦r✐❣✐♥❛❧ ♠♦t✐✈❛t✐♦♥ ♦❢ t❤✐s t❤❡♦r② ✇❛s t❤❡ ❞❡s❝✐♣t✐♦♥ ♦❢ t❤❡
❞❡❢❛✉❧t ♦❢ ❝♦♠♣❛❝t♥❡ss ✐♥ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣s ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ t❤❡ ♣✐♦♥♥❡❡r✐♥❣ ✇♦r❦s ♦❢ P✳✲▲✳ ▲✐♦♥s
✐♥ ❬✷✻❪✱ ❬✷✼❪ ❛♥❞ ❍✳ ❇r❡③✐s✱ ❏✳✲▼✳ ❈♦r♦♥ ✐♥ ❬✼❪✳ ❍❡r❡✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ t❤❡♦r❡♠ ♦❢ P✳ ●ér❛r❞ ❬✶✼❪✱ ✇❤✐❝❤
❣✐✈❡s✱ ✉♣ t♦ ❡①tr❛❝t✐♦♥s✱ t❤❡ str✉❝t✉r❡ ♦❢ ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ♦❢ H˙s✱ ✇✐t❤ s ❜❡t✇❡❡♥ 0 ❛♥❞
3
2
· ▼♦r❡
♣r❡❝✐s❡❧②✱ t❤❡ ❞❡❢❛✉❧t ♦❢ ❝♦♠♣❛❝t♥❡ss ✐♥ t❤❡ ❝r✐t✐❝❛❧ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ H˙s ⊂ Lp ✐s ❞❡s❝✐❜❡❞ ✐♥ t❡r♠s
♦❢ ❛ s✉♠ ♦❢ r❡s❝❛❧❡❞ ❛♥❞ tr❛♥s❧❛t❡❞ ♦rt❤♦❣♦♥❛❧ ♣r♦✜❧❡s✱ ✉♣ t♦ ❛ s♠❛❧❧ t❡r♠ ✐♥ Lp✳ ❚❤❛t ✇❛s ❣❡♥❡r❛❧✐③❡❞
t♦ ♦t❤❡r ❙♦❜♦❧❡✈ s♣❛❝❡s H˙s,p(■❘d) ✇✐t❤ 0 < s <
d
p
❜② ❙✳ ❏❛✛❛r❞ ✐♥ ❬✶✽❪✱ t♦ ❇❡s♦✈ s♣❛❝❡s ❜② ●✳ ❑♦❝❤
✐♥ ❬✷✸❪ ❛♥❞ t♦ ❣❡♥❡r❛❧ ❝r✐t✐❝❛❧ ❡♠❜❡❞❞✐♥❣s ❜② ❍✳ ❇❛❤♦✉r✐✱ ❆✳ ❈♦❤❡♥ ❛♥❞ ●✳ ❑♦❝❤ ✐♥ ❬✷❪✳ ▲❡t ✉s ♥♦t✐❝❡
t❤❡ r❡❝❡♥t ✇♦r❦ ❬✺❪ ♦❢ ❍✳ ❇❛❤♦✉r✐✱ ▼✳ ▼❛❥❞♦✉❞ ❛♥❞ ◆✳ ▼❛s♠♦✉❞✐ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❧❛❝❦ ♦❢ ❝♦♠♣❛❝t♥❡ss
♦❢ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ♦❢ H1(■❘2) ✐♥ t❤❡ ❝r✐t✐❝❛❧ ❖r❧✐❝③ s♣❛❝❡ L(■❘2)✳ ❚❤❡♥ ♣r♦✜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥
t❡❝❤♥✐q✉❡s ❤❛✈❡ ❜❡❡♥ ❛♣♣❧✐❡❞ ✐♥ ♠❛♥② ✇♦r❦s ♦❢ ❡✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠s s✉❝❤ ❛s t❤❡ ❤✐❣❤ ❢r❡q✉❡♥❝② st✉❞②
♦❢ ✜♥✐t❡ ❡♥❡r❣② s♦❧✉t✐♦♥s t♦ q✉✐♥t✐❝ ✇❛✈❡ ❡q✉❛t✐♦♥s ♦♥ ■❘3✱ ❜② ❍✳ ❇❛❤♦✉r✐ ❛♥❞ P✳ ●ér❛r❞ ❬✹❪✳ ❈✳ ❑❡♥✐❣
❛♥❞ ❋✳ ▼❡r❧❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✷✵❪ t❤❡ ❜❧♦✇ ✉♣ ♣r♦♣❡rt② ❢♦r t❤❡ ❡♥❡r❣② ❝r✐t✐❝❛❧ ❢♦❝✉s✐♥❣ ♥♦♥ ❧✐♥❡❛r ✇❛✈❡
❡q✉❛t✐♦♥✳ Pr♦✜❧❡ t❡❝❤♥✐q✉❡s t✉r♥❡❞ ♦✉t t♦ ❜❡ ❛❧s♦ ❛ r❡❧❡✈❛♥t t♦♦❧ ✐♥ t❤❡ st✉❞② ♦❢ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s✳
◆♦t✐❝❡ t❤✐s ❦✐♥❞ ♦❢ ❞❡❝♦♠♣♦s✐t✐♦♥ ✇❛s st❛t❡❞ ❛♥❞ ❞❡✈❡❧♦♣♣❡❞✱ ✐♥❞❡♣❡♥❞❡♥t❧② ❢r♦♠ ❬✶✼❪✱ ❜② ❋✳ ▼❡r❧❡
❛♥❞ ▲✳ ❱❡❣❛ ❬✷✽❪ ❢♦r L2✲s♦❧✉t✐♦♥s ♦❢ t❤❡ ❝r✐t✐❝❛❧ ♥♦♥ ❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ✐♥ 2D✱ ✐♥ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♦❢ t❤❡
✇♦r❦ ♦❢ ❏✳ ❇♦✉r❣❛✐♥ ❬✻❪✳ ❚❤❡♥✱ ❙✳ ❑❡r❛❛♥✐ r❡✈✐s✐t❡❞ ✐♥ ❬✷✷❪ t❤❡ ✇♦r❦ ♦❢ ❍✳ ❇❛❤♦✉r✐ ❛♥❞ P✳ ●ér❛r❞ ❬✹❪
✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❡♥❡r❣② ❝r✐t✐❝❛❧ ♥♦♥ ❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s✳ ❈✳ ❑❡♥✐❣ ❛♥❞ ❋✳ ▼❡r❧❡ ✐♥✈❡st✐❣❛t❡❞
✻ ❊❯●➱◆■❊ P❖❯▲❖◆
✐♥ ❬✷✶❪ t❤❡ ❣❧♦❜❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss✱ s❝❛tt❡r✐♥❣ ❛♥❞ ❜❧♦✇ ✉♣ ♠❛tt❡r ❢♦r s✉❝❤ s♦❧✉t✐♦♥s ✐♥ t❤❡ ❢♦❝✉s✐♥❣ ❛♥❞
r❛❞✐❛❧ ❝❛s❡✳
❘❡♠❛r❦ ✷✳✶✳ ❯s✐♥❣ ♥♦t❛t✐♦♥ ✭✺✮✱ ✇❡ ❝❛♥ ♣r♦✈❡ ❡❛s✐❧② t❤❛t t❤❡ Lp ✭❛s ✇❡❧❧ ❛s H˙s✮✲♥♦r♠ ✐s ❝♦♥s❡r✈❡❞
✉♥❞❡r t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ u 7→ Λ
3
p
λ,x0
u✳ ■t ♠❡❛♥s ‖Λ
3
p
λ,x0
u‖ = ‖u‖✳
❚❤❡♦r❡♠ ✷✳✶✳ ▲❡t (u0,n)n∈■◆ ❜❡ ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ✐♥ H˙s✳ ❚❤❡♥✱ ✉♣ t♦ ❛♥ ❡①tr❛❝t✐♦♥✿
✲ ❚❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ ✈❡❝t♦rs ✜❡❧❞s✱ ❝❛❧❧❡❞ ♣r♦✜❧❡s (V j)j∈■◆ ✐♥ H˙s✳
✲ ❚❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ s❝❛❧❡s ❛♥❞ ❝♦r❡s (λn,j , xn,j)n,j∈■◆✱ s✉❝❤ t❤❛t✱ ✉♣ t♦ ❛♥ ❡①tr❛❝t✐♦♥
∀J > 0, u0,n(x) =
J∑
j=0
Λ
3
p
λn,j ,xn,j
V j(x) + ψJn(x) ✇✐t❤ lim
J→+∞
lim sup
n→+∞
‖ψJn‖Lp = 0, ❛♥❞ p =
6
3− 2s ·
❲❤❡r❡ (λn,j , xn,j)n∈■◆,j∈■◆∗ ❛r❡ s❡q✉❡♥❝❡s ♦❢ (■❘∗+ × ■❘3)■◆ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦rt❤♦❣♦♥❛❧✐t② ♣r♦♣❡rt②✿
❢♦r ❡✈❡r② ✐♥t❡❣❡rs (j, k) s✉❝❤ t❤❛t j 6= k✱ ✇❡ ❤❛✈❡
❡✐t❤❡r lim
n→+∞
(λn,j
λn,k
+
λn,k
λn,j
)
= +∞ ♦r λn,j = λn,k ❛♥❞ lim
n→+∞
|xn,j − xn,k|
λn,j
= +∞.
▼♦r❡♦✈❡r✱ ❢♦r ❛♥② J ✐♥ ■◆✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦rt❤♦❣♦♥❛❧✐t② ♣r♦♣❡rt②
✭✾✮ ‖u0,n‖2H˙s =
J∑
j=0
‖V j‖2
H˙s
+ ‖ψJn‖2H˙s + ◦(1), ✇❤❡♥ n→ +∞.
❆ ✜rst ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s✱ ✐s ❚❤❡♦r❡♠ ✷✳✷ ❛❜♦✉t t❤❡ ❧✐❢❡s♣❛♥ ♦❢ ❛ ◆❙✲s♦❧✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❜♦✉♥❞❡❞
❞❛t❛ ✐♥ H˙s✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✐t ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥ 3✳
❚❤❡♦r❡♠ ✷✳✷✳ ▲❡t (u0,n) ❜❡ ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ♦❢ ✐♥✐t✐❛❧ ❞❛t❛ ✐♥ H˙
s s✉❝❤ t❤❛t ✐ts ♣r♦✜❧❡s ❞❡❝♦♠♣♦✲
s✐t✐♦♥ ✐s ❣✐✈❡♥ ❜②
u0,n(x) =
J∑
j=0
Λ
3
p
λn,j ,xn,j
V j(x) + ψJn(x) ✇✐t❤ lim
J→+∞
lim sup
n→+∞
‖ψJn‖Lp = 0.
▲❡t ✉s ❞❡✜♥❡ J1 ❛s t❤❡ s✉❜s❡t ♦❢ ✐♥❞✐❝❡s j ✐♥ ■◆✱ s✉❝❤ t❤❛t t❤❡ ♣r♦✜❧❡ V j ✐s ♥♦♥✲③❡r♦ ❛♥❞ s✉❝❤ t❤❛t t❤❡
❛ss♦❝✐❛t❡❞ s❝❛❧❡ λn,j ✐s ✐❞❡♥t✐❝❛❧❧② ❡q✉❛❧ t♦ 1✳
■❢ J1 = ∅✱ t❤❡♥ lim inf
n→+∞ T∗(u0,n) = +∞✳
■❢ J1 6= ∅✱ t❤❡♥ lim inf
n→+∞ T∗(u0,n) > infj∈J1
T∗(V j)✳
❘❡♠❛r❦ ✷✳✷✳ ▲❡t ✉s ♣♦✐♥t ♦✉t s♦♠❡ ❢❛❝ts✳ ❋✐rst❧②✱ ✐❢ T∗(V j) = +∞ ❢♦r ❛♥② j✱ t❤❡♥ lim inf
n→+∞ T∗(u0,n) = +∞✳
❙❡❝♦♥❞❧②✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ J1 ✐s ♥♦♥ ❡♠♣t②✱ t❤❡ q✉❛♥t✐t② inf
j∈J1
T∗(V j) ❡①✐sts ❛♥❞ ♦❜✈✐♦✉s❧②✱ ✐❢ |J1| ✐s
✜♥✐t❡✱ ✇❡ ❣❡t ✐♠♠❡❞✐❛t❡❧② t❤❛t inf
j∈J1
T∗(V j) = min
j∈J1
T∗(V j)✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ |J1| ✐s ✐♥✜♥✐t❡✱ ✇❡ ❣❡t t❤❡
s❛♠❡ ❝♦♥❝❧✉s✐♦♥✳ ■♥❞❡❡❞✱ ❜② ✈❡rt✉❡ ♦❢ ✭✾✮✱ t❤❡ s❡r✐❡
∑
j>0
‖V j‖2
H˙s
✐s s✉♠♠❛❜❧❡ ✭❛ ❢♦rt✐♦r✐ ✐❢ ✇❡ ❝♦♥s✐❞❡r
✐♥ t❤❡ s✉♠♠❛t✐♦♥ ✐♥t❡❣❡rs ❜❡❧♦♥❣✐♥❣ t♦ J1✮✱ ❛♥❞ t❤✉s lim
j→+∞
‖V j‖H˙s = 0✳ ❚❤❛♥❦s t♦ ■♥❡q✉❛❧✐t② ✭✻✮✱ ✇❡
❞❡❞✉❝❡ t❤❛t lim
j→+∞
T∗(V j) = +∞ ❛♥❞ t❤✉s
inf
j∈J1
T∗(V j) > 0 ❛♥❞ inf
j∈J1
T∗(V j) = min
j∈J1
T∗(V j).
❆❇❖❯❚ ❚❍❊ ❇❊❍❆❱■❖❯❘ ❖❋ ❘❊●❯▲❆❘ ◆❆❱■❊❘✲❙❚❖❑❊❙ ❙❖▲❯❚■❖◆❙ ◆❊❆❘ ❚❍❊ ❇▲❖❲ ❯P ✼
❚❤✐s r❡s✉❧t ❣✐✈❡s ✉s ❛♥ ✐♠♣♦rt❛♥t ✐♥❢♦r♠❛t✐♦♥✿ ✇❤❡♥❡✈❡r ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥✐t✐❛❧ ❞❛t❛ ✇❤✐❝❤ s❛t✐s✜❡s
♣r♦✜❧❡s ❤②♣♦t❤❡s✐s ✭✐t ♠❡❛♥s ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ✐♥ H˙s✮✱ ✇❡ ❣❡t ❛♥ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❧✐❢❡s♣❛♥ ♦❢
t❤❡ ◆❙✲s♦❧✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ s✉❝❤ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥✐t✐❛❧ ❞❛t❛✿ ✐t ♠❛✐♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❧✐❢❡s♣❛♥ ♦❢
♣r♦✜❧❡s ✇✐t❤ ❛ ❝♦♥st❛♥t s❝❛❧❡✳ ◆♦t❡ t❤❛t t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♣r♦♣❡rt② ♦♥ s❝❛❧❡s ❛♥❞ ❝♦r❡s ✐♥ ❚❤❡♦r❡♠ ✷✳✶
✐♠♣❧✐❡s ❡✐t❤❡r t❤❡ s❝❛❧❡s ❛r❡ ❞✐✛❡r❡♥t ✭✐♥ t❤❡ s❡♥s❡ t❤❛t lim
n→+∞
(λn,j
λn,k
+
λn,k
λn,j
)
= +∞✮ ♦r t❤❡ s❝❛❧❡s ❛r❡
t❤❡ s❛♠❡ ✭λn,j = λn,k✮✱ ❡q✉❛❧ t♦ ❛ ❝♦♥st❛♥t✱ ❛♥❞ t❤❡ ❝♦r❡s ❣♦ ❛✇❛② ❢r♦♠ ♦♥❡ ❛♥♦t❤❡r✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t
lim
n→+∞
|xn,j − xn,k|
λn,j
= +∞✳ ■♥ t❤❡ ❧❛st ❝❛s❡ ✇❤❡r❡ s❝❛❧❡s ❛r❡ ❡q✉❛❧ t♦ ❛ ❝♦♥st❛♥t✱ ✇❡ s❤❛❧❧ ❛ss✉♠❡ t❤❛t
✐t ✐s ♦♥❡✱ ✉♣ t♦ r❡s❝❛❧✐♥❣ ♣r♦✜❧❡s ❜② ❛ ✜①❡❞ ❝♦♥st❛♥t✳
❚❤❡♦r❡♠ ✷✳✷ ❤❛s ❛ ❦❡② r♦❧❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦♠♣❛❝t♥❡ss ❚❤❡♦r❡♠ ✶✳✸✿ t❤❡ s❡t Ms(T∗)✱ r❡❝❛❧❧❡❞
❜❡❧♦✇✱ ✐s ♥♦♥ ❡♠♣t② ❛♥❞ ❝♦♠♣❛❝t✱ ✉♣ t♦ tr❛♥s❧❛t✐♦♥s✳
Ms(T∗) :=
{
u0 ∈ H˙s | T∗(u0) = T∗ ❛♥❞ ‖u0‖H˙s = ρs(T∗)
}
.
✷✳✶✳ Pr♦♦❢ ♦❢ t❤❡ ❝♦♠♣❛❝t♥❡ss ❚❤❡♦r❡♠ ✶✳✸✳
Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ Aσsc ✱ ✇❡ ❝♦♥s✐❞❡r ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡ (u0,n)n>0 s✉❝❤ t❤❛t
lim
n→+∞T∗(u0,n) ‖u0,n‖
σs
H˙s
= Aσsc .
❯♣ t♦ ❛ r❡s❝❛❧✐♥❣ ♣r♦❝❡ss✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡ (u0,n)n>0 s❛t✐s✜❡s
✭✶✵✮ lim
n→+∞ ‖u0,n‖H˙s = ρs(T∗) ❛♥❞ T∗(u0,n) = T∗.
■♥❞❡❡❞✱ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡ (v0,n)n>0 ❞❡✜♥❡❞ ❛s
v0,n(x)
❞❡❢
=
(T∗(u0,n)
T∗
) 1
2
u0,n
((T∗(u0,n)
T∗
) 1
2
x
)
.
❚❤❡ r❡❛❞❡r ♥♦t✐❝❡s t❤❛t t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s s♦❧✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ s✉❝❤ ❛ s❡q✉❡♥❝❡ (v0,n) ❤❛s ❛ ❧✐❢❡s♣❛♥
❡q✉❛❧ t♦ T∗✳ ❆s ‖v0,n‖σs
H˙s
=
(T∗(u0,n)
T∗
)
‖u0,n‖σs
H˙s
✱ ✐t s❡❡♠s ❝❧❡❛r ♥♦✇ ✇❡ ❝❛♥ ❛ss✉♠❡ ✭✶✵✮✱ ❜② ✈❡rt✉❡ ♦❢
❞❡✜♥✐t✐♦♥ ♦❢ ρs(T∗)✳ ❆s ❞❡✜♥❡❞✱ (u0,n)n>0 ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦✐♥ts ♦❢ t❤❡ s❡t Ms(T∗)❀ ✐t ✐s ❛ ❜♦✉♥❞❡❞
s❡q✉❡♥❝❡ ✐♥ H˙s ❛♥❞ t❤✉s ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✷✳✶✳ ❚❛❦✐♥❣ ❧✐♠✐t ✇❤❡♥ n→ +∞ ✐♥ ✭✾✮✱ ✇❡ ❣❡t
∀J > 0, ρ2s(T∗) >
J∑
j=0
‖V j‖2
H˙s
.
▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ t✇♦ ♥♦♥✲③❡r♦ ♣r♦✜❧❡s ❛t ❧❡❛st✳ ❚❤❡♥ ✇❡ s❤♦✉❧❞ ❤❛✈❡
∀j ∈ {0, · · · , J}, ‖V j‖2
H˙s
< ρ2s(T∗).
❇② ❞❡✜♥✐t♦♥ ♦❢ ρs(T∗)✱ ✐t ♠❡❛♥s ❛❧❧ ♣r♦✜❧❡s V j ❣❡♥❡r❛t❡ s♦❧✉t✐♦♥s ✇❤♦s❡ ❧✐❢❡s♣❛♥ s❛t✐s✜❡s
✭✶✶✮ T∗(V j) > T∗, ∀j ∈ {0, · · · , J}
❆s T∗(u0,n) = T∗ <∞ ❢♦r ❛♥② n✱ ❚❤❡♦r❡♠ ✷✳✷ ✐♠♣❧✐❡s t❤❛t J1 6= ∅✿ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ ♣r♦✜❧❡
✇✐t❤ ❝♦♥st❛♥t s❝❛❧❡✳ ▼♦r❡♦✈❡r✱ t❤❛♥❦s t♦ ❘❡♠❛r❦ ✷✳✷✱ ✇❡ ❤❛✈❡ inf
j∈J1
T∗(V j) = min
j∈J1
T∗(V j)✳ ❈♦♠❜✐♥✐♥❣
t❤✐s ✇✐t❤ ❘❡❧❛t✐♦♥ ✭✶✶✮ ✐♠♣❧✐❡s t❤❛t
T˜
❞❡❢
= inf
j∈J1
T∗(V j) > T∗.
❇② ❤②♣♦t❤❡s✐s ♦♥ (u0,n)n∈■◆ ❛♥❞ t❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✷✳✷✱ ✇❡ ❣❡t ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ s✐♥❝❡ ✇❡ ❤❛✈❡
lim inf
n→+∞ T∗(u0,n) = T∗ > T˜ > T∗.
✽ ❊❯●➱◆■❊ P❖❯▲❖◆
■t ♠❡❛♥s t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r j0 s✉❝❤ t❤❛t t❤❡ ♣r♦✜❧❡✱ V
j0 ❤❛s ❛ ❧✐❢❡s♣❛♥ ✇❤✐❝❤ s❛t✐s✜❡s T j0∗ 6 T∗✳
■♥ ♣❛rt✐❝✉❧❛r✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ρs(T∗)✱ ✐t ✐♠♣❧✐❡s t❤❛t ‖V j0‖2H˙s > ρ2s(T∗)✳ ❆♥❞✱ t❤❛♥❦s t♦ t❤❡ ♦rt❤♦❣♦♥❛❧
♣r♦♣❡rt② ♦❢ t❤❡ H˙s✲♥♦r♠ ✭✾✮✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡q✉❛❧✐t②
‖V j0‖2
H˙s
= ρ2s(T∗).
◆♦✇✱ ✇❡ ❤❛✈❡ ❥✉st t♦ ❝❤❡❝❦ t❤❛t T∗ = T
j0∗ ✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② ♣r♦✈❡❞ ❛ ✜rst ✐♥❡q✉❛❧✐t②✿ T
j0∗ 6 T∗✳
❚❤❡ ♦t❤❡r ✇❛② ✐s ❣✐✈❡♥ ❜② ✭✽✮✿ ✇❡ ❤❛✈❡ ❛❧✇❛②s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥✿ T j0∗ ‖V j0‖σsH˙s > Aσsc ✳ ❚❤❛♥❦s t♦
t❤❡ r❡s✉❧t ‖V j0‖σs
H˙s
= ρσss (T∗) =
Aσsc
T∗
✱ ✇❡ ❣❡t t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t②✿ T j0∗ > T∗✳ ❚❤✉s✱ t❤❡ s❡t Ms(T∗)
✐s ♥♦♥ ❡♠♣t② ❛♥❞ t❤✉s✱ t❤❡r❡ ❡①✐sts s♦♠❡ ♠✐♥✐♠❛❧ ◆❛✈✐❡r✲❙t♦❦❡s s♦❧✉t✐♦♥s✳ ❚❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ t❤❡
s❡t Ms(T∗) ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❛❜♦✈❡ ✇♦r❦✳ ❚❤❛♥❦s t♦ ✭✾✮ ❛♥❞ ‖V j0‖H˙s = ρs(T∗)✱ ✇❡ ✐♥❢❡r t❤❛t
∀j 6= j0, V j = 0 ❛♥❞ lim
n→+∞ ‖ψ
J
n‖2H˙s = 0.
❚❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥ ✐♠♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t j0 ∈ J1✳ ■♥❞❡❡❞✱ ✐❢ j0 /∈ J1✱ t❤❡♥ J1 = ∅ ❛♥❞ t❤✉s ✇❡
s❤♦✉❧❞ ❤❛✈❡ T∗ = +∞✱ ✇❤✐❝❤ ✐s ❛❜s✉r❞✳ ❆s ❛ r❡s✉❧t✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✐♥t❡❣❡r j0 ∈ J1✱ s✉❝❤ t❤❛t
u0,n(x) = V
j0(x− xn,j0) + ψJn(x).
❚❤❡ ♣r♦♣❡rt② lim
n→+∞ ‖ψ
l
n‖2H˙s = 0 ✐♠♣❧✐❡s limn→+∞ ‖u0,n(·+xj0,n)− V
j0‖H˙s = 0✳ 
✷✳✷✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✹✳
Pr♦♦❢✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❝r✐t✐❝❛❧ ❡❧❡♠❡♥t u = NS(u0) ✿ T
1
σs∗ (u0)‖u0‖H˙s = Ac✳ ❇② ✈❡rt✉❡ ♦❢ ❛ r❡s❝❛❧✐♥❣✱
✇❡ ❝❛♥ ❛s✉♠❡ t❤❛t ‖u0‖H˙s = 1 ❛♥❞ t❤✉s T
1
σs∗ (u0) = Ac✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t
N sT ❞❡❢=
{
‖NS(u0)‖XT
∣∣∣ u0 ✐♥ H˙s s✉❝❤ t❤❛t ‖u0‖H˙s = 1 ❛♥❞ T < Aσsc }.
❚❤❡♦r❡♠ ✶✳✸ ❝❧❛✐♠s t❤❛t t❤❡ s❡t N sT ✐s ♥♦♥❡♠♣t②✳ ❚❤❡ ❛✐♠ ✐s t♦ ♣r♦✈❡ t❤❛t supN sT ✐s ✜♥✐t❡ ❢♦r ❛♥② T ✳
■❢ ♥♦t✱ ❛ s❡q✉❡♥❝❡ (u0,n)n>0 ✐♥ H˙
s ❡①✐sts✱ s✉❝❤ t❤❛t ❢♦r ❛♥② T < T∗(u0,n)✱ ✇❡ ❤❛✈❡
✭✶✷✮ ‖u0,n‖H˙s = 1, T∗(u0,n) = Aσsc ❛♥❞ limn→+∞ ‖NS(u0,n)‖XT =∞.
❇② ❤②♣♦t❤❡s✐s✱ t❤❡ s❡q✉❡♥❝❡ (u0,n)n>0 ❜❡❧♦♥❣s t♦ t❤❡ s❡t Ms(T∗)✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐st ❛ s❡q✉❡♥❝❡ ♦❢
❝♦r❡s (xn)n∈■◆ ❛♥❞ ❛ ❢✉♥❝t✐♦♥ V ✐♥ Ms(T∗) s✉❝❤ t❤❛t✱ ✉♣ t♦ ❛♥ ❡①tr❛❝t✐♦♥✿
✭✶✸✮ lim
n→+∞ ||u0,n(·+ xn)− V ||H˙s = 0.
❲❡ ❝❛♥ ♣r♦✈❡ ❡❛s✐❧② t❤❛t✱ ❢♦r ❛♥② T < T∗(V )✿
✭✶✹✮ NS(u0,n(·+ xn)) = NS(V ) +Rn ✇✐t❤ lim
n→+∞ ‖Rn‖XT = 0
■♥❞❡❡❞✱ ✇❡ ❞❡✜♥❡
R0,n
❞❡❢
= u0,n(·+ xn)− V.
❇❡❝❛✉s❡ ♦❢ ✭✶✸✮✱ t❤❡ s❡q✉❡♥❝❡ (R0,n)n>0 ❝♦♥✈❡r❣❡s t♦ 0 ✐♥ H˙
s✲♥♦r♠✱ ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤✳ ▼♦r❡♦✈❡r✱ t❤❡
❡rr♦r t❡r♠ Rn s❛t✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡rt✉r❜❡❞ ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠
✭✶✺✮


∂tRn +Rn · ∇Rn −∆Rn +Rn · ∇NS(V ) +NS(V ) · ∇Rn = −∇p
div Rn = 0
Rn|t=0 = R0,n.
❆♣♣❧②✐♥❣ ❢♦rt❤❝♦♠✐♥❣ ❚❤❡♦r❡♠ ✻✳✶✱ ✇❡ ✐♥❢❡r t❤❛t✱ ❢♦r ❛♥② T < T∗(V ) ❛♥❞ ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤
‖NS(u0,n(·+ xn))‖XT 6 ‖NS(V )‖XT + ◦(1).
❆s ‖NS(u0,n(·+ xn))‖XT = ‖NS(u0,n)‖XT ✱ ✇❡ t❛❦❡ t❤❡ ❧✐♠✐t ✇❤❡♥ n→ +∞ ✐♥ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t②
❛♥❞ t❤✉s ✇❡ ❣❡t ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥✳ 
❆❇❖❯❚ ❚❍❊ ❇❊❍❆❱■❖❯❘ ❖❋ ❘❊●❯▲❆❘ ◆❆❱■❊❘✲❙❚❖❑❊❙ ❙❖▲❯❚■❖◆❙ ◆❊❆❘ ❚❍❊ ❇▲❖❲ ❯P ✾
✸✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷ ❛♥❞ t♦♦❧ ❜♦① ❢♦r ▲❡♠♠❛ ✸✳✶
❆❧❧ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ❛r❡ ❜❛s❡❞ ♦♥ ❚❤❡♦r❡♠ ✷✳✷✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤✐s t❤❡♦r❡♠✱ ✇❤✐❝❤ r❡❧✐❡s
♦♥ ▲❡♠♠❛ ✸✳✶✳ ❚❤✐s ❧❛st ♦♥❡ ❣✐✈❡s t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s s♦❧✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ✐♥✐t✐❛❧
❞❛t❛ ✇❤✐❝❤ ❤❛s ❛ ♣r♦✜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ■♥ ♦t❤❡rs ✇♦r❞s✱ ✇❡ ✇♦♥❞❡r ✐❢✱ ❣✐✈❡♥ t❤❡ ♣r♦✜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥
♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ❞❛t❛✱ ✇❡ ❣❡t ❛ s✐♠✐❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ♦♥ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s s♦❧✉t✐♦♥ ✐ts❡❧❢✳ ▲❡♠♠❛ ✸✳✶
❣✐✈❡s ❛ ♣♦s✐t✐✈❡ ❛♥s✇❡r✳
▲❡t ✉s r❡❝❛❧❧ t♦ t❤❡ r❡❛❞❡r t❤❛t t❤✐s q✉❡st✐♦♥ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ st✉❞✐❡❞ ❜② ■✳ ●❛❧❧❛❣❤❡r ✐♥ ❬✶✹❪ ✐♥ t❤❡ ❝❛s❡
♦❢ ✐♥✐t✐❛❧ ❞❛t❛ ✐♥ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ H˙
1
2 ❛♥❞ t❤❡ s❛♠❡ ❛✉t❤♦r ✇✐t❤ ●✳ ❑♦❝❤✱ ❋✳ P❧❛♥❝❤♦♥ ❬✶✻❪ ✐♥ ♦t❤❡rs
❝r✐t✐❝❛❧ s♣❛❝❡s ✭❡✳❣ s❝❛❧❡❞ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s tr❛♥s❢♦r♠❛t✐♦♥✮✳ ■♥ ♦✉r ❝❛s❡✱ t❤❡ ❞✐✣❝✉❧t②
✐s t❤❛t t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❙♦❜♦❧❡✈ s♣❛❝❡ H˙s ✐s ♥♦t ❛ s❝❛❧❡ ✐♥✈❛r✐❛♥t s♣❛❝❡ ✉♥❞❡r t❤❡ ♥❛t✉r❛❧ s❝❛❧✐♥❣ ♦❢
t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ✐ss✉❡✱ t❤❡ ♠❡t❤♦❞ ❝♦♥s✐sts ✐♥ ❝✉tt✐♥❣ ♦✛ ❢r❡q✉❡♥❝✐❡s ♦❢
♣r♦✜❧❡s ❬✹❪ ✭s✉❝❤ ♣r♦✜❧❡s ✇✐❧❧ ❤❛✈❡ t❤❡ ✉s❡❢✉❧ ♣r♦♣❡rt② t♦ ❜❡❧♦♥❣ t♦ ❛♥② H˙s✱ ❢♦r ❛♥② s✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱
♣r♦✜❧❡s s❝❛❧❡❞ ❜② 0 ✭r❡s♣✳ ∞✮ ✇✐❧❧ t❡♥❞ t♦ 0 ✐♥ s♦♠❡ ❙♦❜♦❧❡✈ s♣❛❝❡s ✭♠♦r❡ ♣r❡❝✐s❡❧② ✐♥ H˙s1 ✇✐t❤ s1 < s✮✱
✭r❡s♣✳ H˙s2 ✇✐t❤ s2 > s✮ ❛♥❞ t❤❡r❡❢♦r❡✱ ✇✐❧❧ ♥♦t ♣❡rt✉r❜ t❤❡ ♣r♦✜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ◆❙✲s♦❧✉t✐♦♥✳
✸✳✶✳ ❑❡② ▲❡♠♠❛ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥✳ ▲❡t (u0,n)n>0 ❜❡ ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ♦❢ ✐♥✐t✐❛❧ ❞❛t❛ ✐♥ H˙
s✳
❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✷✳✶✱ (u0,n)n>0 ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✱ ✉♣ t♦ ❛♥ ❡①tr❛❝t✐♦♥
u0,n(x) =
J∑
j=0
Λ
3
p
λn,j ,xn,j
V j(x) + ψJn(x).
❇② ✈❡rt✉❡ ♦❢ ♦rt❤♦❣♦♥❛❧✐t② ♦❢ s❝❛❧❡s ❛♥❞ ❝♦r❡s ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✷✳✶✱ ✇❡ s♦rt ♣r♦✜❧❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r
s❝❛❧❡s
u0,n(x) =
∑
j∈J1
j6J
V j(x− xn,j) +
∑
j∈J c1
j6J
Λ
3
p
λn,j ,xn,j
V j(x) + ψJn(x)✭✶✻✮
✇❤❡r❡ ❢♦r ❛♥② j ∈ J1✱ ❢♦r ❛♥② n ∈ ■◆✱ λn,j ≡ 1✳
❲❡ ❝❧❛✐♠ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ str✉❝t✉r❡ ❧❡♠♠❛ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s s♦❧✉t✐♦♥s✱ ✇❤✐❝❤ ♣r♦♦❢ ✇✐❧❧ ❜❡
♣r♦✈✐❞❡❞ ✐♥ s❡❝t✐♦♥ 4✳ ❚❤✐s ❧❡♠♠❛ ❤✐❣❤❧✐❣❤ts t❤❡ s♣❡❝✐✜❝ r♦❧❡ ♦❢ ♣r♦✜❧❡s ✇✐t❤ ❝♦♥st❛♥t✲s❝❛❧❡s✳
▲❡♠♠❛ ✸✳✶✳ ✭Pr♦✜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s s♦❧✉t✐♦♥✮
▲❡t (u0,n)n>0 ❜❡ ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ♦❢ ✐♥✐t✐❛❧ ❞❛t❛ ✐♥ H˙
s ✇❤✐❝❤ ♣r♦✜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❣✐✈❡♥ ❜②
u0,n(x) =
J∑
j=0
Λ
3
p
λn,j ,xn,j
V j(x) + ψJn(x).
❚❤❡♥✱ u ✐s ❛ ◆❛✈✐❡r✲❙t♦❦❡s s♦❧✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ u0,n ✭❡✳❣ u = NS(u0,n)✮ ✐❢
❛♥❞ ♦♥❧② ✐❢ t❤❡ ❡rr♦r t❡r♠ RJn ❞❡✜♥❡❞ ❜② R
J
n
❞❡❢
= NS(u0,n) − Uapp,Jn ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❜❡❧♦✇ ♣❡rt✉r❜❡❞
◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥
✭✶✼✮


∂tR
J
n +R
J
n.∇RJn −∆RJn +RJn · ∇Uapp,Jn + Uapp,Jn .∇RJn = −F Jn −∇pJn
div RJn = 0
RJn |t=0 = 0.
✇❤❡r❡ F Jn ✐s ❛ ❢♦r❝✐♥❣ t❡r♠ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❡①♣❧✐❝✐t❡❧② ❞❡t❛✐❧❡❞ ✐♥ ✭✷✻✮ ❛♥❞
Uapp,Jn (t, x)
❞❡❢
=
∑
j∈J1
j6J
NS(V j)(t, x− xn,j) + et∆
(∑
j∈J c1
j6J
Λ
3
p
λn,j ,xn,j
V j(x) + ψJn(x)
)
.
✶✵ ❊❯●➱◆■❊ P❖❯▲❖◆
▼♦r❡♦✈❡r✱ t❤❡ ❧✐❢❡s♣❛♥ τJn ♦❢ t❤❡ ❡rr♦r t❡r♠ R
J
n s❛t✐s✐✜❡s
∀ε > 0, ∃J > 0 ∃nJ > 0 ∀n > nJ , τJn > inf
j∈J1
T∗(V j)− ε.
Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳ ❈❧❡❛r❧②✱ ❚❤❡♦r❡♠ ✷✳✷ ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✸✳✶✳ ❆ss✉♠❡
▲❡♠♠❛ ✸✳✶ ✐s ♣r♦✈❡❞✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✐❢ t❤❡r❡ ✐s ♥♦ ♥♦♥ ③❡r♦ ♣r♦✜❧❡ ✇✐t❤ ❝♦♥st❛♥t s❝❛❧❡ ✭❡✳❣ J1 = ∅✮✱
t❤❡ ✏♣r♦✜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥✑ ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐♥ ▲❡♠♠❛ ✸✳✶ ✐♠♣❧✐❡s t❤❛t lim inf
n→+∞ T∗(u0,n) = +∞✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ✐❢ J1 6= ∅✱ t❤❡ ❧✐❢❡s♣❛♥ ♦❢ s❡q✉❡♥❝❡ NS(u0,n) ✐s ❣✐✈❡♥ ❜② t❤❡ ❧✐❢❡s♣❛♥ ♦❢ ♣r♦✜❧❡s✱ s❝❛❧❡❞ ❜②
t❤❡ ❝♦♥st❛♥t 1 ❛♥❞ T∗(u0,n) > inf
j∈J1
T∗(V j)✳ ❚❤✐s ❡♥❞s ✉♣ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳
✸✳✷✳ ❚♦♦❧ ❜♦①✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ r❡❝❛❧❧ s♦♠❡ ❜❛s✐❝ ❢❛❝ts ❛❜♦✉t ❤♦♠♦❣❡♥❡♦✉s ❇❡s♦✈ s♣❛❝❡s ❛♥❞
✇❡ ♣r♦✈❡ s♦♠❡ ♣r♦♣❡rt✐❡s ✇❡ ♥❡❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✶❪✱ ❢r♦♠ ♣❛❣❡ 63✱
❢♦r ❛ ❞❡t❛✐❧❡❞ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r② ❛♥❞ ❛♥❛❧②s✐s ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❇❡s♦✈ s♣❛❝❡s✳
❉❡✜♥✐t✐♦♥ ✸✳✶✳ ▲❡t s ❜❡ ✐♥ ■❘✱ (p, r) ✐♥ [1,+∞]2 ❛♥❞ u ✐♥ S ′✳ ❆ t❡♠♣❡r❡❞ ❞✐str✐❜✉t✐♦♥ u ✐s ❛♥ ❡❧❡♠❡♥t
♦❢ t❤❡ ❇❡s♦✈ s♣❛❝❡ B˙sp,r ✐❢ u s❛t✐✜❡s
‖u‖B˙sp,r
❞❡❢
=
(∑
j∈Z
2jrs ||∆˙ju||rLp
) 1
r
<∞,
✇❤❡r❡ ∆˙j ✐s ❛ ❢r❡q✉❡♥❝✐❡s ❧♦❝❛❧✐③❛t✐♦♥ ♦♣❡r❛t♦r ✭❝❛❧❧❡❞ ▲✐tt❧❡✇♦♦❞✲P❛❧❡② ♦♣❡r❛t♦r✮✱ ❞❡✜♥❡❞ ❜②
∆˙ju(ξ)
❞❡❢
= F−1(ϕ(2−j |ξ|)û(ξ)),
✇✐t❤ ϕ ∈ D([12 , 2])✱ s✉❝❤ t❤❛t
∑
j∈Z
ϕ(2−jt) = 1✱ ❢♦r ❛♥② t > 0✳
❘❡♠❛r❦ ✸✳✶✳ ❲❡ ❤❛✈❡ t❤❡ ❡♠❜❡❞❞✐♥❣ H˙s ⊂ B˙s2,2✳ ❚❤❡s❡ s♣❛❝❡s ❝♦✐♥❝✐❞❡ ✐❢ s < 32 ✳
❚❤❡ ✜rst t❤✐♥❣ ✇❡ ❤❛✈❡ t♦ ♥♦t✐❝❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❣✐✈❡♥ ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ♦❢ ❞❛t❛ ✐♥ H˙s ✭t❤✉s ✇❡ ❣❡t
❛ ♣r♦✜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤✐s s❡q✉❡♥❝❡✮✱ ❚❤❡♦r❡♠ ✷✳✶ ✐♠♣❧✐❡s t❤❛t t❤❡ t❡r♠ ψJn(x)✱ ✭✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞
✐♥ H˙s✮✱ s❛t✐s✜❡s✿
lim
J→+∞
lim sup
n→+∞
‖ψJn‖Lp = 0.
■♥ ❢❛❝t✱ t❤❛♥❦s t♦ ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ❛r❣✉♠❡♥t✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t t❤❡ r❡♠❛✐♥✐♥❣ t❡r♠ ψJn t❡♥❞s t♦ 0 ✐♥
❝❡rt❛✐♥ ❇❡s♦✈ s♣❛❝❡s✳ ❚❤❛t ✐s t❤❡ ♣♦✐♥t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳
Pr♦♣♦s✐t✐♦♥ ✸✳✷✳ ❋♦r ❛♥② 0 < θ < 1✱ ❧❡t pθ ❜❡ ❛ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r ❣✐✈❡♥ ❜② t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥
r❡❧❛t✐♦♥
1
pθ
=
θ
p
+
1− θ
2
·
❚❤❡♥✱ ✉♥❞❡r t❤❡ s❛♠❡ ❤②♣♦t❤❡s✐s ♦❢ ❚❤❡♦r❡♠ ✷✳✶✱ ✇❡ ❤❛✈❡✿
lim
J→+∞
lim sup
n→+∞
‖ψJn‖B˙s(1−θ)pθ,pθ = 0·
Pr♦♦❢✳ ■♥t❡r♣♦❧❛t✐♦♥ ✐♥❡q✉❛❧✐t② ✐♥ t❤❡ ▲❡❜❡s❣✉❡ s♣❛❝❡s ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② t❤❡ ❢❛❝t♦r 2js(1−θ) ❣✐✈❡
2js(1−θ)‖∆˙jψJn‖Lpθ 6 ‖∆˙jψJn‖θLp
(
2js‖∆˙jψJn‖L2
)1−θ
.
❆♣♣❧②✐♥❣ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ✐♥ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥✱ ✇❡ ❣❡t
‖ψJn‖B˙s(1−θ)pθ,pθ 6 ‖ψ
J
n‖θB˙0p,p ‖ψ
J
n‖1−θB˙s2,2 .
❇❡❝❛✉s❡ p ✐s ❣r❡❛t❡r t❤❛♥ 2✱ Lp ✐s ❝♦♥t✐♥✉♦✉s❧② ✐♥❝❧✉❞❡❞ ✐♥ B˙0p,p✳ ❘❡♠❛r❦ ✸✳✶ ❧❡❛❞s t♦
✭✶✽✮ ‖ψJn‖B˙s(1−θ)pθ,pθ 6 ‖ψ
J
n‖θLp‖ψJn‖1−θH˙s .
❆❇❖❯❚ ❚❍❊ ❇❊❍❆❱■❖❯❘ ❖❋ ❘❊●❯▲❆❘ ◆❆❱■❊❘✲❙❚❖❑❊❙ ❙❖▲❯❚■❖◆❙ ◆❊❆❘ ❚❍❊ ❇▲❖❲ ❯P ✶✶
❇② ✈❡rt✉❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✱ ✇❡ ❣❡t t❤❡ r❡s✉❧t✳ 
▲❡t ✉s ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ ♣r♦✜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡ (u0,n)n>0 ❛♥❞ ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥s✳
▲❡t η > 0 ❜❡ t❤❡ ♣❛r❛♠❡t❡r ♦❢ r♦✉❣❤ ❝✉tt✐♥❣ ♦✛ ❢r❡q✉❡♥❝✐❡s✳ ❲❡ ❞❡✜♥❡ ❜② uη(x) ❛♥❞ ucη(x) t❤❡
❡❧❡♠❡♥ts ✇❤✐❝❤ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐s ❣✐✈❡♥ ❜②
✭✶✾✮ ûη(ξ) = û(ξ)1{ 1
η
6|ξ|6η} ❛♥❞ ûcη(ξ) = û(ξ)
(
1− 1{ 1
η
6|ξ|6η}
)
.
❋r♦♠ t❤❡ ♣r♦✜❧❡s ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✻✮✱ ✇❡ ✐♥❢❡r✱ t❤❛♥❦s t♦ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♣r♦♣❡rt② ♦❢ s❝❛❧❡s✱ t❤❛t
❛♠♦♥❣ ♣r♦✜❧❡s V j s✉❝❤ t❤❛t j ❜❡❧♦♥❣s t♦ cJ1✱ t❤❡r❡ ❛r❡ ♣r♦✜❧❡s ✇✐t❤ s♠❛❧❧ s❝❛❧❡s ✭j ∈ J0✮ ❛♥❞ ❧❛r❣❡
s❝❛❧❡s ✭j ∈ J∞✮✳ ❚❤❡s❡ ♣r♦✜❧❡s ❛r❡ ❝✉t ✭❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣❛r❛♠❡t❡r η✮✱ ✇✐t❤ r❡s♣❡❝t t♦ ♥♦t❛t✐♦♥s ✭✶✾✮
❛♥❞ ✇❡ ❣❡t
u0,n(x) =
∑
j∈J1
j6J
V j(x− xn,j) +
∑
j∈J0
j6J
Λ
3
p
λn,j ,xn,j
V jη (x) +
∑
j∈J∞
j6J
Λ
3
p
λn,j ,xn,j
V jη (x) + ψ
J
n,η(x)
✇❤❡r❡ ψJn,η(x)
❞❡❢
=
∑
j∈J c1≡J0∪J∞
j6J
Λ
3
p
λn,j ,xn,j
V jcη(x) + ψ
J
n(x),
✭✷✵✮
✇✐t❤ ❢♦r ❛♥② j ∈ J0✱ lim
n→+∞λn,j = 0 ❛♥❞ ❢♦r ❛♥② j ∈ J∞✱ limn→+∞λn,j = +∞✳
❋✐rst❧②✱ ✇❡ ❝❤❡❝❦ t❤❡ r❡♠❛✐♥✐♥❣ t❡r♠ ψJn,η ✐s st✐❧❧ s♠❛❧❧ ✐♥ B˙
s(1−θ)
pθ,pθ ✲♥♦r♠✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✳ ❚❤❛t
✐s t❤❡ ♣♦✐♥t ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❜❡❧♦✇✳
Pr♦♣♦s✐t✐♦♥ ✸✳✸✳ ▲❡t 0 < θ < 1✳ ❯♥❞❡r t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ r❡❧❛t✐♦♥
1
pθ
=
θ
p
+
1− θ
2
✱ ✇❡ ❤❛✈❡
lim
J→+∞
lim
η→+∞ lim supn→+∞
‖ψJn,η‖B˙s(1−θ)pθ,pθ = 0.
Pr♦♦❢✳ ▲❡t 0 < θ < 1✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ψJn,η ❛♥❞ t❤❛♥❦s t♦ (a+ b)
2 . a2 + b2✱ ✇❡ ❤❛✈❡
‖ψJn,η‖2B˙s(1−θ)pθ,pθ .
∥∥∥∑
j∈J c1
j6J
Λ
3
p
λn,j ,xn,j
V jcη(x)
∥∥∥2
B˙
s(1−θ)
pθ,pθ
+ ‖ψJn‖2B˙s(1−θ)pθ,pθ .✭✷✶✮
❚❤❡ ❡♠❜❡❞❞✐♥❣ H˙s ⊂ B˙s(1−θ)pθ,pθ ❛♥❞ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♦❢ s❝❛❧❡s ❛♥❞ ❝♦r❡s ✐♠♣❧②
‖ψJn,η‖2B˙s(1−θ)pθ,pθ .
∥∥∥∑
j∈J c1
j6J
Λ
3
p
λn,j ,xn,j
V jcη(x)
∥∥∥2
H˙s
+ ‖ψJn‖2B˙s(1−θ)pθ,pθ
.
(∑
j∈J c1
j6J
∥∥Λ 3pλn,j ,xn,jV jcη(x)∥∥2H˙s∥∥2H˙s + ◦(1))+ ‖ψJn‖2B˙s(1−θ)pθ,pθ .
✭✷✷✮
❇② s❝❛❧✐♥❣ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♥♦r♠ H˙s ✉♥❞❡r t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ u 7→ Λ
3
p
λn,j ,xn,j
u✱ ✇❡ ❣❡t
‖ψJn,η‖2B˙s(1−θ)pθ,pθ .
( ∞∑
j=0
∥∥V jcη(x)∥∥2H˙s + ◦(1))+‖ψJn‖2B˙s(1−θ)pθ,pθ , ✇❤❡♥ n→ +∞.
❋♦r ❛♥② j > 0✱ t❤❡ t❡r♠
∥∥V jcη(x)∥∥2H˙s t❡♥❞s t♦ 0 ❢♦r η ❧❛r❣❡ ❡♥♦✉❣❤✱ ❜② ▲❡❜❡s❣✉❡ ❚❤❡♦r❡♠✳ ❚❤❡r❡❢♦r❡✱
❛♣♣❧②✐♥❣ ▲❡❜❡s❣✉❡ ❚❤❡♦r❡♠ ♦♥❝❡ ❛❣❛✐♥✱ ✇❡ ✐♥❢❡r t❤❛t lim
η→+∞
∞∑
j=0
∥∥V jcη(x)∥∥2H˙s = 0✳ ❆s ❛ r❡s✉❧t✱ ✇❡ t❛❦❡
✶✷ ❊❯●➱◆■❊ P❖❯▲❖◆
✐♥ ✜rst t❤❡ ✉♣♣❡r ❧✐♠✐t ♦❢ ‖ψJn,η‖2B˙s(1−θ)pθ,pθ ✱ ✇❤❡♥ n → +∞✳ ❚❤❡♥✱ ✇❡ t❛❦❡ t❤❡ ❧✐♠✐t ❢♦r η → +∞ ❛♥❞ ❛t
t❤❡ ❧❛st✱ ❢♦r J → +∞✳ ❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✷✱ Pr♦♣♦s✐t✐♦♥ ✸✳✸ ✐s ♣r♦✈❡❞✳ 
❆s ✐t ✇❛s ❛❧r❡❛❞② ♠❡♥t✐♦♥♥❡❞ ♣r❡✈✐♦✉s❧②✱ t❤❡ ♣♦✐♥t ♦❢ s✉❝❤ r♦✉❣❤ ❝✉tt✐♥❣ ♦✛ ✐♥ ❢r❡q✉❡♥❝✐❡s ✐s t❤❛t
♣r♦✜❧❡s ✇❤✐❝❤ ❛r❡ s✉♣♣♦rt❡❞ ✐♥ t❤❡ ❛♥♥✉❧✉s 1{ 1
η
6|ξ|6η}✱ ❜❡❧♦♥❣ t♦ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡s H˙
s✱ ❢♦r ❛♥② s > 0✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝❛♥ ❧♦♦❦ ❛t s✉❝❤ ♣r♦✜❧❡s ✐♥ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡s s✉❝❤ ❛s H˙s1 ✇✐t❤ s1 < s ❛♥❞ H˙
s2
✇✐t❤ s2 > s✳ ❚❤❛t ✐s t❤❡ ♣♦✐♥t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✿ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s✐③❡ ♦❢ t❤❡ s❝❛❧❡ ✭❡✐t❤❡r
s♠❛❧❧ j ✐♥ J0 ♦r ❧❛r❣❡ j ✐♥ J∞✮✱ ♣r♦✜❧❡s✱ tr❛♣♣❡❞ ✐♥ t❤❡ ❛♥♥✉❧✉s✱ ❜❡❤❛✈❡ t❤❡✐rs❡❧✈❡s ❛s ✏r❡♠❛✐♥✐♥❣
t❡r♠s✑✱ s❡❡♥ ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ s♦❧✈✐♥❣ ◆❛✈✐❡r✲❙t♦❦❡s✳
Pr♦♣♦s✐t✐♦♥ ✸✳✹✳
❋♦r ❛♥② η > 0, s1 < s, ❛♥❞ j ∈ J0, ❡✳❣ lim
n→+∞λn,j = 0, t❤❡♥ limn→+∞
∥∥∥Λ 3pλn,j ,xn,jV jη (x)
∥∥∥
H˙s1
= 0.
❋♦r ❛♥② η > 0, s2 > s, ❛♥❞ j ∈ J∞, ❡✳❣ lim
n→+∞λn,j = +∞, t❤❡♥ limn→+∞
∥∥∥Λ 3pλn,j ,xn,jV jη (x)
∥∥∥
H˙s2
= 0.
Pr♦♦❢✳ ▲❡t s1 < s✳ ▲❡t j ∈ J0 ❛♥❞ η > 0✳ ❉❡✜♥✐t✐♦♥ ♦❢ H˙s1✲♥♦r♠ ❛♥❞ ❛ ✈❛r✐❛❜❧❡ ❝❤❛♥❣❡ ②✐❡❧❞∥∥∥Λ 3pλn,j ,xn,jV jη (x)
∥∥∥2
H˙s1 (■❘3)
=
∫
■❘3
|ξ|2s1
∣∣∣λn,j3(1− 1p )V̂ jη (λn,jξ)∣∣∣2dξ
= λ
2(s−s1)
n,j
∫
■❘3
|ξ|2s1 |V̂ jη (ξ)|2dξ.
✭✷✸✮
▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢❛❝t♦r |ξ|✳ ❚❤❡ ❤②♣♦t❤❡s✐s ♦❢ t❤❡ r✐♥❣ ✐♠♣❧✐❡s t❤❛t∥∥∥Λ 3pλn,j ,xn,jV jη (x)
∥∥∥2
H˙s1
= λn,j
2(s−s1)
∫
■❘3
|ξ|2s |V̂ jη (ξ)|2 1|ξ|2(s−s1)dξ
6 (η λn,j)
2(s−s1)‖V j‖2
H˙s
.
✭✷✹✮
❆s λn,j t❡♥❞s t♦ 0❀ t❤✐s ♣r♦✈❡s t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt r❡❧✐❡s ♦♥ s✐♠✐❧❛r
❛r❣✉♠❡♥ts ❛♥❞ t❤✉s t❤❡ ♣r♦♦❢ ✐s ♦♠✐tt❡❞✳ 
✹✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶
●✐✈❡♥ ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ (u0,n) ✐♥ H˙
s ✇❤✐❝❤ ♣r♦✜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✷✳✶✱ ✇❡ s❡❛r❝❤
s❡q✉❡♥❝❡s ❛ss♦❝✐❛t❡❞ s♦❧✉t✐♦♥s NS(u0,n)✱ ✉♥❞❡r t❤❡ ❢♦r♠ ♦❢
NS(u0,n) = U
app,J
n +R
J
n, ✇❤❡r❡
Uapp,Jn
❞❡❢
=
∑
j∈J1
j6J
NS(V j)(t, · −xn,j) + et∆
(∑
j∈J c1
j6J
Λ
3
p
λn,j ,xn,j
V j(x) + ψJn(x)
)
,
✭✷✺✮
◆♦t❡ t❤❛t ✐❢ J1 = ∅✱ t❤❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ t❡r♠ Uapp,Jn ✐s r❡❞✉❝❡❞ t♦ t❤❡ ❧✐♥❡❛r ♣❛rt
Uapp,Jn = e
t∆
(∑
j∈J c1
j6J
Λ
3
p
λn,j ,xn,j
V j(x) + ψJn(x)
)
.
P❧✉❣❣✐♥❣ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡rt✉r❜❡❞ ❡q✉❛t✐♦♥
♦♥ t❤❡ ❡rr♦r t❡r♠ RJn
✭✷✻✮


∂tR
J
n +R
J
n.∇RJn −∆RJn +RJn · ∇Uapp,Jn + Uapp,Jn .∇RJn = −F Jn −∇pJn
div RJn = 0
RJn |t=0 = 0.
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✇❤❡r❡ t❤❡ ❢♦r❝✐♥❣ t❡r♠ F Jn ✐s ❣✐✈❡♥ ❜② F
J
n =
4∑
ℓ=1
F J,ℓn ✱ ✇✐t❤
F J,1n =
∑
06j,k6J1;j 6=k
NS(V j)(t, · −xn,j)· ∇NS(V k)(t, · −xn,k),
F J,2n = e
t∆
(∑
j∈J c1
j6J
Λ
3
p
λn,j ,xn,j
V j(x) + ψJn(x)
)
· ∇
(
et∆
(∑
j∈J c1
j6J
Λ
3
p
λn,j ,xn,j
V j(x) + ψJn(x)
))
,
F J,3n = e
t∆
(∑
j∈J c1
j6J
Λ
3
p
λn,j ,xn,j
V j(x) + ψJn(x)
)
· ∇
(∑
j∈J1
j6J
NS(V j)(t, · −xn,j)
)
,
F J,4n =
(∑
j∈J1
j6J
NS(V j)(t, · −xn,j)
)
· ∇
(
et∆
(∑
j∈J c1
j6J
Λ
3
p
λn,j ,xn,j
V j(x) + ψJn(x)
))
.
✭✷✼✮
▲❡t ✉s ❛❞♠✐t ❢♦r ❛ ✇❤✐❧❡ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥s✳
Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❲✐t❤ ♥♦t❛t✐♦♥s ✭✸✼✮✱ t❤❡ s❡q✉❡♥❝❡ Uapp,Jn ✐s ❜♦✉♥❞❡❞ ✐♥ t❤❡ s♣❛❝❡ XsT ✱ ✉♥✐❢♦r♠❧②
✐♥ J ❛♥❞ η✱
‖Uapp,Jn ‖XsT <∞, ∀T < T˜
❞❡❢
= inf
j∈J1
T∗(V j).
❖♥❝❡ ❛❣❛✐♥✱ ✇❡ ✉s❡ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t inf
j∈J1
T∗(V j) = +∞ ✐❢ J1 ✐s ❡♠♣t②✳ ▲❡t ✉s ❛❞♠✐t ❢♦r ❛ ✇❤✐❧❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳
Pr♦♣♦s✐t✐♦♥ ✹✳✷✳
lim
J→+∞
lim sup
n→+∞
‖F Jn ‖2L2T (H˙s−1) = 0.
❈♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶✳ ▲❡t ε0 > 0✳ ▲❡t T0 ❜❡ t❤❡ t✐♠❡ ❞❡✜♥❡❞ ❜②
T0
❞❡❢
= sup
{
0 < T < T˜ | ‖RJn(t)‖2L∞T (H˙s) 6 ε0
}
.
❚❤❡r❡❢♦r❡✱ ❢♦r ❛♥② T < T0 6 T˜ ✱ ❚❤❡♦r❡♠ ✻✳✶ ✐♠♣❧✐❡s
‖RJn‖2XsT . ‖F
J
n ‖2L2T (H˙s−1) exp
(
ε
2
2s−1
0 T˜ + T˜
s− 1
2 ‖Uapp,Jn ‖2XsT + T˜ ‖U
app,J
n ‖
4
2s−1
L∞T (H˙
s)
)
.✭✷✽✮
❈♦♠❜✐♥✐♥❣ Pr♦♣♦s✐t✐♦♥s ✹✳✶ ❛♥❞ ✹✳✷✱ ▲❡♠♠❛ ✸✳✶ ✐s ♣r♦✈❡❞✳ ❚❤❡r❡❢♦r❡✱ t♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢✱ ✇❡ s❤❛❧❧
♣r♦✈❡ t❤❡ t✇♦ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥s✳
Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ Uapp,Jn ❛♥❞ ✈❡rt✉❡ ♦❢ (a+ b)
2 6 2
(
a2 + b2
)
✱ ✇❡ ❤❛✈❡
✭✷✾✮ ‖Uapp,Jn ‖2XsT 6 2
(∥∥∥∑
j∈J1
j6J
NS(V j)(t, · −xn,j)
∥∥∥2
XsT
+
∥∥∥et∆(∑
j∈J c1
j6J
Λ
3
p
λn,j ,xn,j
V j(x) + ψJn(x)
)∥∥∥2
XsT
)
.
▲❡t ✉s ❢♦❝✉s ❢♦r ❛ ♠♦♠❡♥t ♦♥ t❤❡ ❤❡❛t t❡r♠ et∆
(∑
j∈J c1
j6J
Λ
3
p
λn,j ,xn,j
V j(x) + ψJn(x)
)
✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t
❛♥ H˙s✲❡♥❡r❣② ❡st✐♠❛t❡ ♦♥ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t
∥∥et∆u∥∥2
XsT
6 ‖u0‖2H˙s ✱ ❢♦r ❛♥② u s♦❧✉t✐♦♥
❛ss♦❝✐❛t❡❞ ✇✐t❤ ❞❛t❛ u0 ✐♥ H˙
s✳ ❆s ❛ r❡s✉❧t✱ ✇❡ ❣❡t∥∥∥et∆(∑
j∈J c1
j6J
Λ
3
p
λn,j ,xn,j
V j(x) + ψJn(x)
)∥∥∥2
XsT
6
∥∥∥∑
j∈J c1
j6J
Λ
3
p
λn,j ,xn,j
V j(x) + ψJn(x)
∥∥∥2
H˙s
.
✶✹ ❊❯●➱◆■❊ P❖❯▲❖◆
❚❤❡r❡❢♦r❡✱ ♣r♦✜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ②✐❡❧❞s✱ ✉♣ t♦ tr✐❛♥❣✉❧❛r ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t❡s∥∥et∆(∑
j∈J c1
j6J
Λ
3
p
λn,j ,xn,j
V j(x) + ψJn(x)
)∥∥2
XsT
6
∥∥∥u0,n −∑
j∈J1
j6J
V j(· −xn,j)
∥∥∥2
H˙s
6 2
∥∥u0,n∥∥2H˙s + 2 ∥∥∥∑
j∈J1
j6J
V j(· −xn,j)
∥∥∥2
H˙s
.
▲❡t ✉s ❛❞♠✐t ❢♦r ❛ ✇❤✐❧❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t
✭✸✵✮ ∀η > 0,
∥∥∥∑
j∈J1
j6J
V j(· −xn,j)
∥∥∥2
H˙s
=
∑
j∈J1
j6J
∥∥V j∥∥2
H˙s
+ ◦(1), ✇❤❡♥ n→ +∞.
❚❤❛♥❦s t♦ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② r❡❧❛t✐♦♥ ✭✾✮✱ t❤❡ t❡r♠
∑
j∈J1
j6J
∥∥V j∥∥2
H˙s
s❛t✐s✜❡s
∑
j∈J1
j6J
∥∥V j∥∥2
H˙s
6
∥∥u0,n∥∥2H˙s + ◦(1)✱
❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤✳ ❆s ❛ r❡s✉❧t✱
✭✸✶✮ ∀η > 0,
∥∥∥et∆(∑
j∈J c1
j6J
Λ
3
p
λn,j ,xn,j
V j(x) + ψJn(x)
)∥∥∥2
XsT
.
∥∥u0,n∥∥2H˙s + ◦(1), ✇❤❡♥ n→ +∞.
◆♦✇✱ ❧❡t ✉s ❝♦♠❡ ❜❛❝❦ t♦ ✭✷✾✮✳ ❚❤❛♥❦s t♦ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡ ✭✸✶✮✱ ✇❡ ✐♥❢❡r t❤❛t
∀η > 0, ‖Uapp,Jn ‖2XsT .
∥∥∥∑
j∈J1
j6J
NS(V j)(t, · −xn,j)
∥∥∥2
XsT
+
∥∥u0,n∥∥2H˙s + ◦(1), ✇❤❡♥ n→ +∞.
❲❡ ❛❞♠✐t ❢♦r ❛ ✇❤✐❧❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✱ ❢♦r ❛♥② T < T˜
❞❡❢
= inf
j∈J1
T∗(V j) ❛♥❞ η > 0✳
✭✸✷✮
∥∥∥∑
j∈J1
j6J
NS(V j)(t, · −xn,j)
∥∥∥2
XsT
6
∑
j∈J1
j6J
∥∥NS(V j)(t, · )∥∥2
XsT
+ ◦(1), ✇❤❡♥ n→ +∞.
❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② T < T˜
❞❡❢
= inf
j∈J1
T∗(V j)
∀η > 0, ‖Uapp,Jn ‖2XsT 6 C
(∑
j∈J1
j6J
∥∥NS(V j)∥∥2
XsT
+
∥∥u0,n∥∥2H˙s + ◦(1)), ✇❤❡♥ n→ +∞.
❆s NS(V jη ) s♦❧✈❡s ◆❙✲❡q✉❛t✐♦♥ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ V
j
η ❜❡❧♦♥❣✐♥❣ t♦ H˙s ❛♥❞ s✐♥❝❡ t❤❡ t✐♠❡ T ✐s ❢❛r ❛✇❛②
❢r♦♠ t❤❡ ❜❧♦✇ ✉♣ t✐♠❡✱ ✇❡ ✐♥❢❡r t❤❛t ❡❛❝❤ t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ❜♦✉♥❞❡❞✱ ✉♥✐❢♦r♠❧② ✐♥ J ❛♥❞ η✳
◆♦✇ ❧❡t ✉s ♣r♦✈❡ ✭✸✵✮✳ ❈❧❡❛r❧② ✇❡ ❤❛✈❡✱ t❤❛♥❦s t♦ t❤❡ tr❛♥s❧❛t✐♦♥s ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ H˙s✲♥♦r♠∥∥∥∑
j∈J1
j6J
V j(· −xn,j)
∥∥∥2
H˙s
=
∑
j∈J1
j6J
∥∥V j(· −xn,j)∥∥2H˙s + 2 ∑
(j,k)∈J1×J1
j 6=k
(
V j(· −xn,j)
∣∣V k(· −xn,k))
H˙s
=
∑
j∈J1
j6J
∥∥V j∥∥2
H˙s
+ 2
∑
(j,k)∈J1×J1
j 6=k
(
|D|sV j(· −xn,j)
∣∣ |D|sV k(· −xn,k))
L2
,
✇❤❡r❡ |D| = √−∆✳ ❚❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♦❢ ❝♦r❡s ✭❡✳❣✳ lim
n→∞ |xn,j − xn,k| = +∞✮ ✐♠♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r
t❤❛t t❤❡ t❡r♠ |D|s V k(x+ (xn,j − xn,k)) ✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦ 0 ✐♥ L2 ❛♥❞ t❤✉s ✭♥♦t✐❝❡ t❤❛t |D|s V jη (x)
❆❇❖❯❚ ❚❍❊ ❇❊❍❆❱■❖❯❘ ❖❋ ❘❊●❯▲❆❘ ◆❆❱■❊❘✲❙❚❖❑❊❙ ❙❖▲❯❚■❖◆❙ ◆❊❆❘ ❚❍❊ ❇▲❖❲ ❯P ✶✺
❜❡❧♦♥❣s t♦ L2✱ ❜② ❤②♣♦t❤❡s✐s✮
∀η > 0, ∀(j, k) ∈ J1 × J1, lim
n→∞
∫
■❘3
|D|s V j(x) |D|s V k(x+ (xn,j − xn,k)) dx = 0,
✇❤✐❝❤ ❡♥❞s ✉♣ t❤❡ ♣r♦♦❢ ♦❢ st❛t❡♠❡♥t ✭✸✵✮✳ ❈♦♥❝❡r♥✐♥❣ st❛t❡♠❡♥t ✭✸✷✮✱ t❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r✳ ▲❡t ε > 0✳
❆s ❢♦r ❛♥② T 6 T˜ − ε✱ NS(V jη ) ❜❡❧♦♥❣s t♦ t❤❡ s♣❛❝❡ XsT ❞❡❢= CT (H˙s) ∩ L2T (H˙s+1)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
♠❛♣ t ∈ [0, T˜ − ε] 7→ NS(V j)(t, · ) ❜❡❧♦♥❣s t♦ H˙s✳ Pr❡✈✐♦✉s ❝♦♠♣✉t❛t✐♦♥s ❤♦❧❞ ❛♥❞✱ ❜② ✈❡rt✉❡ ♦❢
tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ H˙s✲♥♦r♠✱ ✇❡ ❣❡t ❢♦r ❛♥② t < T˜ ❛♥❞ η > 0✱
∥∥∥∑
j∈J1
j6J
NS(V j)(t, · −xn,j)
∥∥∥2
H˙s
=
∑
j∈J1
j6J
∥∥NS(V j)(t, · )∥∥2
H˙s
+ 2
∑
(j,k)∈J1×J1
j 6=k
(
|D|sNS(V j)(t, · −xn,j)
∣∣ |D|sNS(V k)(t, · −xn,k))
L2
.
✭✸✸✮
❚❤❡♥✱ ❢♦r ❛♥② t ✐♥ [0, T˜ − ε]✱ ✇❡ ❣❡t∥∥∥∑
j∈J1
j6J
NS(V j)(t, · −xn,j)
∥∥∥2
L∞T (H˙
s)
6
∑
j∈J1
j6J
∥∥NS(V j)(t, · )∥∥2
L∞T (H˙
s)
+ 2
∑
(j,k)∈J1×J1
j 6=k
Γs,j,kε,n ,
✇❤❡r❡ Γs,j,kε,n ✐s ❞❡✜♥❡❞ ❜②
Γs,j,kε,n
❞❡❢
= sup
t∈[0,T˜−ε]
(
|D|sNS(V j)(t, · −xn,j)
∣∣ |D|sNS(V k)(t, · −xn,k))
L2
= sup
t∈[0,T˜−ε]
∫
■❘3
|D|sNS(V j)(t, · ) |D|sNS(V k)(t, ·+(xn,j − xn,k)) dx.
✭✸✹✮
❚❤❡ ♠❛♣ ψ : t ∈ [0, T˜ − ε] 7→ |D|sNS(V j)(t, · ) |D|sNS(V k)(t, ·+(xn,j − xn,k)) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ t❤❡
❝♦♠♣❛❝t [0, T˜ − ε]✱ ✇✐t❤ ✈❛❧✉❡ ✐♥ L1(■❘3)✳ ❚❤✉s✱ ψ([0, T˜ − ε]) ✐s ♣r❡❝♦♠♣❛❝t ✐♥ t❤❡ ▲❡❜❡s❣✉❡ s♣❛❝❡ L1(■❘3)
❛♥❞ t❤✉s ❝❛♥ ❜❡ ❝♦✈❡r❡❞ ❜② ❛ ✜♥✐t❡ ♦♣❡♥ ❜❛❧❧ ✇✐t❤ ❛♥ ❛r❜✐tr❛r✐❧② r❛❞✐✉s α > 0✳ ▲❡t α ❜❡ ❛ ♣♦s✐t✐✈❡
r❛❞✐✉s✳ ❚❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r N ✱ s✉❝❤ t❤❛t ❢♦r ❛♥② t ∈ [0, T˜ − ε]✱ ψ(t) ❜❡❧♦♥❣s t♦
N⋃
l=1
B(ψ(tl), α)✳
❚❤✉s✱ ❢♦r ❛♥② t ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ❝♦♠♣❛❝t [0, T˜ − ε]✱ t❤❡r❡ ❡①✐sts ❛ t✐♠❡ tl s✉❝❤ t❤❛t
✭✸✺✮ ‖ψ(t)‖L1(■❘3) 6 α+ ‖ψ(tl)‖L1(■❘3).
❇② ✈❡rt✉❡ ♦❢ t❤❡ s✐♠♣❧❡ ❢❛❝t
∫
f 6
∫
|f |✱ ✇❡ ✐♥❢❡r t❤❛t
Γs,j,kε,n 6 α+ ‖ψ(tl)‖L1(■❘3)
= α+
∫
■❘3
∣∣∣|D|sNS(V j)(tl, · ) |D|sNS(V k)(tl, ·+(xn,j − xn,k))∣∣∣ dx.
◆♦✇✱ ✐♥ ♦r❞❡r t♦ ❝♦♥❝❧✉❞❡✱ ✇❡ ♥♦t✐❝❡ t❤❛t ▲❡❜❡s❣✉❡ t❤❡♦r❡♠ ❝♦♠❜✐♥✐♥❣ ✇✐t❤ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♣r♦♣❡rt②
♦❢ ❝♦r❡s ✐♠♣❧② t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞✲s✐❞❡ t❡♥❞s t♦ 0✱ ✇❤❡♥ n t❡♥❞s t♦ +∞ ✭s✐♥❝❡ ✇❡ ❝❛♥ ❝❤♦♦s❡ α
❛r❜✐tr❛r✐❧② s♠❛❧❧✮ ❛♥❞ t❤✉s✱ ✇❡ ❣❡t
∀η > 0, ∀(j, k) ∈ J1 × J1, lim
n→∞ sup
t∈[0,T˜−ε]
(
|D|sNS(V j)(t, · −xn,j) | |D|sNS(V k)(t, · −xn,k)
)
L2
= 0.
✶✻ ❊❯●➱◆■❊ P❖❯▲❖◆
❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ ❢♦r ❛♥② T < T˜ ❛♥❞ η > 0✱∥∥∥∑
j∈J1
j6J
NS(V j)(t, · −xn,j)
∥∥∥2
L∞T (H˙
s)
6
∑
j∈J1
j6J
∥∥NS(V j)(t, · )∥∥2
L∞T (H˙
s)
+ ◦(1), ✇❤❡♥ n→ +∞.
❈♦♥❝❡r♥✐♥❣ t❤❡ L2T (H˙
s+1)✲♥♦r♠✱ ✇❡ ✇r✐t❡ ❡st✐♠❛t❡ ✭✸✸✮ ✐♥ H˙s+1✲♥♦r♠✳ ❚❤❡♥✱ t❤❡ L2T (H˙
s+1)✲♥♦r♠ ♦❢
❝r♦ss❡❞ t❡r♠s t❡♥❞s t♦ 0✱ t❤❛♥❦s t♦ ▲❡❜❡s❣✉❡ t❤❡♦r❡♠ ❛♥❞ ♦rt❤♦❣♦♥❛❧✐t② ♦❢ ❝♦r❡s✳ ❉❡t❛✐❧s ❛r❡ ❧❡❢t t♦
t❤❡ r❡❛❞❡r✳ ❋✐♥❛❧❧②✱ ✇❡ ❣❡t ✭✸✷✮∥∥∥∑
j∈J1
j6J
NS(V j)(t, · −xn,j)
∥∥∥2
XsT
6
∑
j∈J1
j6J
∥∥NS(V j)(t, · )∥∥2
XsT
+ ◦(1), ✇❤❡♥ n→ +∞.
■♥ ♦r❞❡r t♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t t❤❡ t❡r♠
∑
j∈J1
j6J
∥∥NS(V j)(t, · )∥∥2
XsT
✐s ❜♦✉♥❞❡❞✱ ✉♥✐❢♦r♠❧② ✐♥ J1 ✭❛♥❞ t❤✉s ✐♥ J✮ ❛♥❞ η✳ ❚❤✐s ✇✐❧❧ r❡s✉❧t ❢r♦♠ ❘❡♠❛r❦ ✶✳✶ ❛♥❞ t❤❡ ♦rt❤♦❣✲
♦♥❛❧✐t② ♦❢ H˙s✲♥♦r♠ ✭✾✮ ✐♥ ♣r♦✜❧❡ t❤❡♦r❡♠✳ ■♥❞❡❡❞✱ ❜② ✈❡rt✉❡ ♦❢ ♣r♦✜❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❡❞
s❡q✉❡♥❝❡ (u0,n)n>0 ✐♥ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ H˙
s✱ ✇❡ ❦♥♦✇ t❤❛t
∑
j∈J1
j6J
‖V j‖2
H˙s
✐s ❜♦✉♥❞❡❞✳ ■t ♠❡❛♥s t❤❛t
∀ε > 0, ∃J ∗1 ⊂ J1, ✇✐t❤ |J ∗1 | <∞ ∀ j ∈ J1 \ J ∗1 , ‖V j‖H˙s 6 ε.
❇② ✈❡rt✉❡ ♦❢ ❘❡♠❛r❦ ✶✳✶✱ ✇❡ ✐♥❢❡r t❤❛t ❢♦r ❛♥② j ❜❡❧♦♥❣✐♥❣ t♦ J1 \ J ∗1 ✱ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s s♦❧✉✲
t✐♦♥s NS(V j) ❛ss♦❝✐❛t❡❞ ✇✐t❤ s✉❝❤ ♣r♦✜❧❡s V j s❛t✐s❢②
∥∥NS(V j)(t, · )∥∥
XsT
6 2
∥∥V j∥∥
H˙s
✳ ❚❤❡r❡❢♦r❡✱ ✇❡
✐♥❢❡r t❤❛t ∑
j∈J1
j6J
∥∥NS(V j)(t, · )∥∥2
XsT
6
∑
j∈J∗1
j6J
∥∥NS(V j)(t, · )∥∥2
XsT
+ 4
∑
j∈J1\J ∗1
‖V j‖2
H˙s
6
∑
j∈J∗1
j6J
∥∥NS(V j)(t, · )∥∥2
XsT
+ 4
∑
j∈J1
j6J
‖V j‖2
H˙s
6
∑
j∈J∗1
j6J
∥∥NS(V j)(t, · )∥∥2
XsT
+ 4 lim sup
n→+∞
‖u0,n‖2H˙s .
✭✸✻✮
❆s ✇❡ ❛r❡ ♥♦t s♦ ❝❧♦s❡ t♦ t❤❡ ❜❧♦✇ ✉♣ t✐♠❡ ✭s✐♥❝❡ T < inf
j∈J1
T∗(V j)✮✱ t❤❡ t❡r♠
∑
j∈J∗1
j6J
∥∥NS(V j)(t, · )∥∥2
XsT
✐s
❜♦✉♥❞❡❞✱ ✉♥✐❢♦r♠❧② ✐♥ J1 ✭s✐♥❝❡ J ∗1 ✐s ✜♥✐t❡ ❛♥❞ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦✜❧❡s V j✮✳ ❚❤✉s✱
t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶ ✐s ❝♦♠♣❧❡t❡✳
Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ s♠❛❧❧♥❡ss r❡s✉❧t ♦♥ t❤❡ ❢♦r❝✐♥❣ t❡r♠✱ ✇❡ s❤❛❧❧ ♥❡❡❞ t♦
✉s❡ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ♣r♦❝❡ss ♠❡♥t✐♦♥♥❡❞ ✐♥ t❤❡ t♦♦❧ ❜♦① ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ▲❡t ✉s r❡❝❛❧❧ t❤❛t
✇❡ ❣❡t ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s s♦❧✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ s✉❝❤ ❛ ❞❛t❛✱ ✉♥❞❡r t❤❡ ❢♦r♠ ♦❢
NS(u0,n) = U
app,J
n +R
J
n, ✇❤❡r❡
Uapp,Jn (t, · ) ❞❡❢=
∑
j∈J1
j6J
NS(V j)(t, · −xn,j) + et∆
(∑
j∈J c1
j6J
Λ
3
p
λn,j ,xn,j
V j(· ) + ψJn(· )
)
,
✭✸✼✮
❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥♥❡❞ ✐♥ ✭✷✵✮✱ ♣r♦✜❧❡s ❛r❡ s♦rt❡❞ ✇✐t❤ r❡s♣❡❝t ♦❢ t❤❡ s✐③❡ ♦❢ s❝❛❧❡s✳ ▼♦r❡♦✈❡r✱ ✇❡ ❝✉t
♦✛ ❢r❡q✉❡♥❝✐❡s ♦❢ ♣r♦✜❧❡s ✇✐t❤ s♠❛❧❧ ❛♥❞ ❜✐❣ s❝❛❧❡s ❛♥❞ t❤❡r❡❢♦r❡✱ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✸✼✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥
❆❇❖❯❚ ❚❍❊ ❇❊❍❆❱■❖❯❘ ❖❋ ❘❊●❯▲❆❘ ◆❆❱■❊❘✲❙❚❖❑❊❙ ❙❖▲❯❚■❖◆❙ ◆❊❆❘ ❚❍❊ ❇▲❖❲ ❯P ✶✼
❛s ❢♦❧❧♦✇s
Uapp,Jn (t, · ) ❞❡❢=
∑
j∈J1
j6J
NS(V j)(t, · −xn,j) + et∆
(
U0n,η + U
∞
n,η + ψ
J
n,η(· )
)
,
✭✸✽✮
✇✐t❤ U0n,η
❞❡❢
=
∑
j∈J0
j6J
Λ
3
p
λn,j ,xn,j
V jη ❀ U
∞
n,η
❞❡❢
=
∑
j∈J∞
j6J
Λ
3
p
λn,j ,xn,j
V jη
❛♥❞ ψJn,η
❞❡❢
=
∑
j∈J0
j6J
Λ
3
p
λn,j ,xn,j
V jcη +
∑
j∈J∞
j6J
Λ
3
p
λn,j ,xn,j
V jcη + ψ
J
n .
✭✸✾✮
▲❡t ✉s ♣♦✐♥t ♦✉t t❤❛t t❤❡ ♠❛✐♥ ♣♦✐♥t ✐s t❤❛t✱ ❜② ✈❡rt✉❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✹✱ t❤❡ t❡r♠s U0n,η ❛♥❞ U
∞
n,η ❛r❡
s♠❛❧❧ ✐♥ t❤❡ s❡♥s❡ t❤❛t✱ ❢♦r ❛♥② δ > 0✱ ❢♦r ❛♥② η > 0✱ lim
n→+∞ ||U
0
n,η||H˙s−δ = 0 ❛♥❞ limn→+∞ ||U
∞
n,η||H˙s+δ = 0✳
❲❡ r❡❝❛❧❧ ❛ ❜❛s✐❝ ♣r♦♣❡rt② ❞✉❡ t♦ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ❝♦♥❞✐t✐♦♥✿ ❢♦r ❛♥② ✈❡❝t♦r ✜❡❧❞ ✉✱ s♠♦♦t❤ ❡♥♦✉❣❤ ❛♥❞
❞✐✈❡r❣❡♥❝❡✲❢r❡❡✱
✭✹✵✮ u · ∇v = div(u⊗ v)·
❚❤❡ ♣r♦♣❡rt② ✭✹✵✮ ♣r♦✈✐❞❡s ✉s ❛♥♦t❤❡r ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❡①t❡r✐♦r ❢♦r❝❡ t❡r♠ F Jn
F Jn = I
J,1
n,η + I
J,2
n,η + I
J,3
n .✭✹✶✮
✇❤❡r❡
IJ,1n,η = div
((
2
∑
j∈J1
j6J
NS(V j)(t, · −xn,j) + et∆
(
U0n,η + U
∞
n,η + ψ
J
n,η(x)
))
⊗ et∆
(
U0n,η + U
∞
n,η
))
.
IJ,2n,η = div
((
2
∑
j∈J1
j6J
NS(V j)(t, · −xn,j) + et∆
(
U0n,η + U
∞
n,η + ψ
J
n,η(x)
))
⊗ et∆ψJn,η
)
.
IJ,3n = F
J,1
n =
∑
06j,k6J1;j 6=k
NS(V j(t, · −xn,j))· ∇NS(V k)(t, · −xn,k).
✭✹✷✮
❈♦♥❝❡r♥✐♥❣ IJ,1n,η✱ ✇❡ ❛♣♣❧② ✭✺✵✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✺✱ ❢♦r ❛♥② δ > 0✱ s✉❝❤ t❤❛t s+ δ <
3
2 ✱
‖IJ,1n,η‖L2T (H˙s−1) 6 C T
1
2
(s− 1
2
)
(
T
−δ
2 ||U0n,η||H˙s−δ + T
δ
2 ||U∞n,η||H˙s+δ
)
×
∥∥∥2 ∑
j∈J1
j6J
NS(V j)(t, · −xn,j) + et∆
(
U0n,η + U
∞
n,η + ψ
J
n,η
)∥∥∥
XsT
6 C T
1
2
(s− 1
2
)
(
T
−δ
2 ||U0n,η||H˙s−δ + T
δ
2 ||U∞n,η||H˙s+δ
)
×
(
2 ‖Uapp,Jn ‖XsT +
∥∥et∆(U0n,η + U∞n,η + ψJn,η)∥∥∥
XsT
)
.
✭✹✸✮
❋r♦♠ ✭✸✶✮✱ ✇❡ ✐♥❢❡r t❤❛t
‖IJ,1n,η‖L2T (H˙s−1) 6 C T
1
2
(s− 1
2
)
(
T
−δ
2 ||U0n,η||H˙s−δ + T
δ
2 ||U∞n,η||H˙s+δ
)
× (‖Uapp,Jn ‖XsT + ‖u0,n‖H˙s + ◦(1)) , ✇❤❡♥ n→ +∞.
Pr♦♣♦s✐t✐♦♥s ✸✳✹ ❛♥❞ ✹✳✶ ✐♠♣❧✐❡s t❤❛t IJ,1n,η t❡♥❞s t♦ 0 ✇❤❡♥ n t❡♥❞s t♦ ✐♥✜♥✐t②
∀ε > 0, ∃n˜1(ε, J, η), ∀n > n˜1(ε, J, η),
∥∥∥IJ,1n,η∥∥∥
L2T (H˙
s−1)
6 ε.
✶✽ ❊❯●➱◆■❊ P❖❯▲❖◆
❈♦♥❝❡r♥✐♥❣ IJ,2n,η✱ ✇❡ ❛♣♣❧② t❤❡ ❡st✐♠❛t❡ ✭✹✾✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✺
‖IJ,2n,η‖L2T (H˙s−1) 6 C T
1
2
(s− 1
2
) ||ψJn,η||B˙s(1−θ)pθ,pθ
×
∥∥∥2 ∑
j∈J1
j6J
NS(V j)(t, · −xn,j) + et∆
(
U0n,η + U
∞
n,η + ψ
J
n,η
)∥∥∥
XsT
6 C T
1
2
(s− 1
2
) ||ψJn,η||B˙s(1−θ)pθ,pθ
(‖Uapp,Jn ‖XsT + ‖u0,n‖H˙s + ◦(1)) , ✇❤❡♥ n→ +∞.
✭✹✹✮
❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✸✱ ✇❡ ✐♥❢❡r
∀ε > 0, ∃J˜(ε), ∀J > J˜(ε), ∃η˜(J), ∃n˜2(J), ∀η > η˜(J), ∀n > n˜2(J), ‖IJ,2n,η‖L2T (H˙s−1) 6 ε.
❈♦♥❝❡r♥✐♥❣ IJ,3n,η✱ t❤❡ ❛r❣✉♠❡♥t r❡❧✐❡s ♦♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ▲❡♠♠❛ ✺✳✻ ❛♣♣❧✐❡❞ ✇✐t❤ ✇✐t❤ σ =
s
2 +
3
4 ✱
✇❤✐❝❤ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ♥♦t❡✿
Φj = NS(V j) ❛♥❞ Φk = NS(V k)✳
❘❡♠❛r❦ ✹✳✶✳ ❆s Φj ❛♥❞ Φk ❜❡❧♦♥❣ t♦ t❤❡ s♣❛❝❡ L∞T (H˙
s)∩L2T (H˙s+1)✱ ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ❛r❣✉♠❡♥t ✐♠♣❧✐❡s
t❤❡② ❜❡❧♦♥❣ t♦ t❤❡ s♣❛❝❡ L4T (H˙
s
2
+ 3
4 )✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡
‖u‖
H˙
s
2+
3
4
6 ‖u‖
1
2
(s+ 1
2
)
H˙s
‖u‖
1
2
( 3
2
−s)
H˙s+1
.
❚❤❡♥✱ ❜② ✐♥t❡❣r❛t✐♥❣ ✐♥ t✐♠❡✱ ✇❡ ❞❡❞✉❝❡ t❤❛t
‖u‖4
L4T (H˙
s
2+
3
4 )
6 T s−
1
2 ‖u‖2(s+
1
2
)
L∞T (H˙
s)
‖u‖3−2s
L2T (H˙
s+1)
.
❚❤❛♥❦s t♦ t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❝♦♥❞✐t✐♦♥✱ ✇❡ ❤❛✈❡ ‖Φj .∇Φk‖2
H˙s−1
= ‖Φj ⊗ Φk‖2
H˙s
❛♥❞ t❤✉s
‖Φj .∇Φk‖2
L2T (H˙
s−1)
=
∫ T
0
‖Φj ⊗ Φk‖2
H˙s
6
∫ T
0
‖(Φj − Φjε)⊗ Φk‖2H˙s +
∫ T
0
‖Φjε ⊗ (Φk − Φkε)‖2H˙s +
∫ T
0
‖Φjε ⊗ Φkε‖2H˙s .
❆s
s
2
+
3
4
<
3
2
✱ ❛ ♣r♦❞✉❝t r✉❧❡ ✐♥ ❙♦❜♦❧❡✈ s♣❛❝❡s ✐♠♣❧✐❡s
✭✹✺✮ ‖u v‖H˙s 6 C(s) ‖u‖H˙ s2+34 ‖v‖H˙ s2+34 ·
❚❤❡r❡❢♦r❡✱ ✇❡ ✐♥❢❡r t❤❛t ✿
‖Φj .∇Φk‖2
L2T (H˙
s−1)
.
∫ T
0
‖(Φj − Φjε)‖2
H˙
s
2+
3
4
‖Φk‖2
H˙
s
2+
3
4
+
∫ T
0
‖Φjε‖2
H˙
s
2+
3
4
‖Φk − Φkε‖2
H˙
s
2+
3
4
+
∫ T
0
‖Φjε ⊗ Φkε‖2H˙s .
❋✐♥❛❧❧②✱ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥ ▲❡♠♠❛ ✺✳✻ ②✐❡❧❞
‖Φj .∇Φk‖2
L2T (H˙
s−1)
. ε2‖Φk‖2
L4T (H˙
s
2+
3
4 )
+ ε2‖Φj‖2
L4T (H˙
s
2+
3
4 )
+ ‖Φjε ⊗ Φkε‖2L2T (H˙s).
❚♦ ❝♦♥❝❧✉❞❡✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t ‖Φjε ⊗ Φkε‖2L2T (H˙s) t❡♥❞s t♦ 0✱ ❢♦r ε s♠❛❧❧ ❡♥♦✉❣❤✳ ❚❤✐s ✇✐❧❧ ❝♦♠❡
❢r♦♠ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ♦❢ ❝♦r❡s✳ ❇② ❞❡✜♥✐t✐♦♥✱ Φjε ✭r❡s♣✳ Φkε✮ ✐s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ Φ
j ✭r❡s♣✳ Φk✮✳
❇❡❝❛✉s❡ ♦❢ tr❛♥s❧❛t✐♦♥s ❜② ❝♦r❡s✱ ✇❡ ❞❡✜♥❡ Φj,nε (t, x−xn,j) ✭r❡s♣✳ Φk,nε (t, x−xn,k)✮ ❛s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥
♦❢ Φj(t, x− xn,j) ✭r❡s♣✳ Φk(t, x− xn,k)✮✳ ❆s Φj,nε ❛♥❞ Φk,nε ❛r❡ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ❛♥❞ ❝♦♥❝❡♥tr❛t❡❞
❛r♦✉♥❞ xn,j ❛♥❞ xn,k✱ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ ❝♦r❡s ✭ lim
n→+∞ |xn,j − xn,k| = +∞✮ ✐♠♣❧✐❡s t❤❡② ❛r❡ s✉♣♣♦rt❡❞
❆❇❖❯❚ ❚❍❊ ❇❊❍❆❱■❖❯❘ ❖❋ ❘❊●❯▲❆❘ ◆❆❱■❊❘✲❙❚❖❑❊❙ ❙❖▲❯❚■❖◆❙ ◆❊❆❘ ❚❍❊ ❇▲❖❲ ❯P ✶✾
♦♥ ❞✐s❥♦✐♥t❡❞ ❝♦♠♣❛❝ts✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t❡r♠ ‖Φjε ⊗ Φkε‖2L2T (H˙s) ❝♦♥✈❡r❣❡s t♦ 0✱ ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤✳
■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❤❛✈❡
∀ε > 0, ∃n˜(ε), ∀n > n˜(ε),
∥∥∥NS(V j(t, · −xn,j))· ∇NS(V k)(t, · −xn,k)∥∥∥
L2T (H˙
s−1)
6
ε
|J1| ·
❚❤❡r❡❢♦r❡✱ ✇❡ ✐♥❢❡r t❤❛t✱ ∀ε > 0, ∃n˜(ε), ∀n > n˜(ε)✱∥∥∥IJ,3n,η∥∥∥
L2T (H˙
s−1)
=
∥∥∥ ∑
06j,k6J ;j 6=k
(j,k)∈J 21
NS(V j(t, · −xn,j))· ∇NS(V k)(t, · −xn,k)
∥∥∥
L2T (H˙
s−1)
6 ε.
✭✹✻✮
❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳
✺✳ ❆♣♣❡♥❞✐① ❆✳ Pr♦❞✉❝t ❛♥❞ ♣❛r❛♣r♦❞✉❝t ❡st✐♠❛t❡s
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ s♦♠❡ t②♣✐❝❛❧ ♣r♦❞✉❝t ❡st✐♠❛t❡s✱ ✐♥ ✇❤✐❝❤ s♣❧✐tt✐♥❣ ❢r❡q✉❡♥❝② ❛❧❧♦✇s ❢♦r ❛ ♠✉❝❤
✜♥❡r ❝♦♥tr♦❧ ♦❢ t❤❡ ♣r♦❞✉❝t✳ ❚❤❡ ♠❛✐♥ t♦♦❧ ✐s t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣❛r❛❞✐✛❡r❡♥t✐❛❧ ❝❛❧❝✉❧✉s✳ ❋♦r ❛ ❞❡✲
t❛✐❧❡❞ ♣r❡s❡♥t❛t✐♦♥ ♦❢ ✐t✱ ✇❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✶❪✱ ♣❛❣❡ 85✳ ❲❡ r❡❝❛❧❧ t✇♦ ❢✉♥❞❛♠❡♥t❛❧ st❛t❡♠❡♥ts
✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❚❤❡♦r❡♠ 2.47 ❛♥❞ 2.52 ✐♥ ❬✶❪✮ ❛❜♦✉t ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣❛r❛♣r♦❞✉❝t ♦♣✲
❡r❛t♦r T ✱ ❛♥❞ t❤❡ r❡♠❛✐♥❞❡r ♦♣❡r❛t♦r R✳ ❲❡ s❤❛❧❧ ❝♦♥st❛♥t❧② ❜❡ ✉s✐♥❣ t❤❡s❡ t✇♦ t❤❡♦r❡♠s ✐♥ t❤❡ s❡q✉❡❧✳
❚❤❡♦r❡♠ ✺✳✶✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C s✉❝❤ t❤❛t ❢♦r ❛♥② r❡❛❧ ♥✉♠❜❡r s ❛♥❞ ❛♥② (p, r) ✐♥ [1,∞]2✱
✇❡ ❤❛✈❡ ❢♦r ❛♥② (u, v) ✐♥ L∞ × B˙sp,r✱
‖Tuv‖B˙sp,r 6 C
1+|s| ‖u‖L∞ ‖v‖B˙sp,r
▼♦r❡♦✈❡r✱ ❢♦r ❛♥② (s, t) ✐♥ ■❘×]−∞, 0[✱ (p, r1, r2) ✐♥ [1,∞]3✱ ❛♥❞ (u, v) ✐♥ B˙t∞,r1 × B˙sp,r2 ✱ ✇❡ ❤❛✈❡
‖Tuv‖B˙s+tp,r 6
C1+|s+t|
−t ‖u‖B˙t∞,r1 ‖v‖B˙sp,r2 ✇✐t❤
1
r
❞❡❢
= min
{
1,
1
r1
+
1
r2
}
·
❚❤❡♦r❡♠ ✺✳✷✳ ❆ ❝♦♥st❛♥t C ❡①✐sts ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳
▲❡t (s1, s2) ❜❡ ✐♥ ■❘
2 ❛♥❞ (p1, p2, r1, r2) ✐♥ [1,∞]4✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t
1
p
❞❡❢
=
1
p1
+
1
p2
6 1 ❛♥❞
1
r
❞❡❢
=
1
r1
+
1
r2
6 1.
■❢ s1 + s2 ✐s ♣♦s✐t✐✈❡✱ t❤❡♥ ✇❡ ❤❛✈❡ ❢♦r ❛♥② (u, v) ✐♥ B˙
s1
p1,r1
× B˙s2p2,r2 ✱
‖R(u, v)‖
B˙
s1+s2
p,r
6
C1+|s1+s2|
s1 + s2
‖u‖B˙s1p1,r1 ‖v‖B˙s2p2,r2 .
❆ ❧♦t ♦❢ r❡s✉❧ts ♦❢ ❝♦♥t✐♥✉✐t② ♠❛② ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ t✇♦ ❛❜♦✈❡ ❚❤❡♦r❡♠s✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❝❛♥
st❛t❡ t❤❡ ▲❡♠♠❛ ❜❡❧♦✇✳
▲❡♠♠❛ ✺✳✸✳ ✭Pr♦❞✉❝t r✉❧❡ ✐♥ H˙s✮
▲❡t u ❛♥❞ v ❜❡ t✇♦ ❢✉♥❝t✐♦♥s ✐♥ H˙s ✇✐t❤ −3
2
< s <
3
2
✱ t❤❡♥
‖uv‖H˙s 6 C(s)
(
‖u‖H˙s ‖v‖H˙ 32 + ‖u‖H˙ 32 ‖v‖H˙s
)
❛♥❞ ‖uv‖H˙s 6 C(s) ‖u‖L∞ ∩ H˙ 32 ‖v‖H˙s .
Pr♦♦❢✳ ❲❡ ❤❛✈❡ t♦ ❡st✐♠❛t❡ ❛ ♣r♦❞✉❝t ✐♥ ❙♦❜♦❧❡✈ s♣❛❝❡ t❤✉s✱ ✇❡ s❤❛❧❧ ✉s❡ t❤❡ ♣❛r❛❞✐✛❡r❡♥t✐❛❧ ❝❛❧❝✉❧✉s✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤❛♥❦s t♦ t❤❡ ❇♦♥②✬s ♣❛r❛♣r♦❞✉❝t ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇❡ ❣❡t
u v = Tuv +R(u, v) + Tvu.
❚❤❡ t❡r♠ R(v, u) ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ✐♥ H˙s✲♥♦r♠ ❡❛s✐❧②✱ t❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✺✳✷✱
‖R(u, v)‖
B˙
s+32
1,1
6 C‖u‖H˙s ‖v‖H˙ 32 .
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❚❤❡r❡❢♦r❡✱ t❤❛♥❦s t♦ ❡♠❜❡❞❞✐♥❣s B˙
s+ 3
2
1,1 →֒ B˙s2,1 →֒ B˙s2,2 ❛♥❞ ❘❡♠❛r❦ ✸✳✶✱ ✇❡ ✐♥❢❡r t❤❛t
✭✹✼✮ ‖R(u, v)‖H˙s 6 C‖u‖H˙s‖v‖H˙ 32 .
❈♦♥❝❡r♥✐♥❣ Tvu ❛♥❞ Tuv✱ ✇❡ ✉s❡ ♦♥❝❡ ❛❣❛✐♥ ❡st✐♠❛t❡s ♦❢ ❚❤❡♦r❡♠ ✺✳✶✱ ✇❤✐❝❤ ❣✐✈❡s
‖Tuv‖H˙s 6 C(s) ‖u‖
B˙
s− 32
∞,∞
‖v‖
B˙
3
2
2,2
.
❇❡❝❛✉s❡ s− 32 ✐s ♥❡❣❛t✐✈❡✱ ❇❡r♥st❡✐♥✬s ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❝❧❛ss✐❝❛❧ ❡♠❜❡❞❞✐♥❣ ℓ2(Z) ⊂ ℓ∞(Z) ❣✐✈❡
B˙s2,2 →֒ B˙
s− 3
2
∞,2 →֒ B˙
s− 3
2∞,∞.
❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡❞✉❝❡ t❤❛t
‖Tuv‖H˙s 6 C(s) ‖u‖H˙s ‖v‖H˙ 32 .
P❡r♠✉t✐♥❣ t❤❡ r♦❧❡s ♦❢ u ❛♥❞ v ❛♥❞ ✉s✐♥❣ ✭✹✼✮ ❣✐✈❡s t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ r❡s✉❧t✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢
▲❡♠♠❛ ✺✳✸ ✐s ❡❛s②✳ ❇② ✈❡rt✉❡ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✱ ✇❡ ❤❛✈❡
‖Tuv‖H˙s 6 C(s) ‖u‖L∞ ‖v‖H˙s ❛♥❞ ‖Tvu‖H˙s 6 C(s) ‖v‖H˙s ‖u‖H˙ 32 .
▼♦r❡♦✈❡r✱ ✐t s❡❡♠s ❝❧❡❛r t❤❛t✱ ❞✉❡ t♦ ❚❤❡♦r❡♠ ✺✳✷
‖R(u, v)‖
B˙
s+32
1,1
6 C‖v‖H˙s ‖u‖H˙ 32 .
❚❤✐s ❧❡❛❞s t♦ t❤❡ ♣r♦♦❢ ♦❢ ‖uv‖H˙s 6 C(s) ‖u‖L∞ ∩ H˙ 32 ‖v‖H˙s ✳ 
❘❡♠❛r❦ ✺✳✶✳ ▲❡t ✉s ♣♦✐♥t ♦✉t ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ✐♥❡q✉❛❧✐t②✿ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ s ✇❡ ❤❛✈❡
✭✹✽✮ ‖u‖
H˙
3
2
6 C‖u‖s−
1
2
H˙s
‖u‖
3
2
−s
H˙s+1
.
❚❤❡r❡❢♦r❡✱ ❝♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ ▲❡♠♠❛ ✺✳✸✱ ✇❡ ❣❡t t❤❡ r❡s✉❧t ❢♦❧❧♦✇✐♥❣ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❛ ❢r❡q✉❡♥t ✉s❡
❧❛t❡r ♦♥✳
❈♦r♦❧❧❛r② ✺✳✹✳ ▲❡t u ❛♥❞ v ❜❡ ✐♥ H˙s ✇✐t❤
1
2
< s <
3
2
✱ t❤❡♥
‖uv‖H˙s 6 C(s)
(
‖u‖H˙s ‖v‖
s− 1
2
H˙s
‖v‖
3
2
−s
H˙s+1
+ ‖u‖s−
1
2
H˙s
‖u‖
3
2
−s
H˙s+1
‖v‖H˙s
)
.
Pr♦♣♦s✐t✐♦♥ ✺✳✺✳ ▲❡t 0 < θ < 1✳ ❯♥❞❡r t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ r❡❧❛t✐♦♥
1
pθ
=
θ
p
+
1− θ
2
✱
✭✹✾✮ ‖u⊗ et∆r0‖L2T (H˙s) 6 C T
1
2
(s− 1
2
)‖u‖XsT ||r0||B˙s(1−θ)pθ,pθ .
✭✺✵✮ ❋♦r ❛♥②
1
2
< α <
3
2
, ‖u ⊗ et∆r0‖L2T (H˙s) 6 C T
1
2
(α− 1
2
)‖u‖XsT ||r0||H˙α .
Pr♦♦❢✳ ▲❡t ✉s st❛rt ❜② ♣r♦✈✐♥❣ t❤❡ ✜rst ✐♥❡q✉❛❧✐t②✳ ❇♦♥②✬s ♣❛r❛♣r♦❞✉❝t ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♠♣❧✐❡s
u⊗ et∆r0 = Tet∆r0u+R(et∆r0, u) + Tu(et∆r0).
❚❤❡ ✜rst t✇♦ t❡r♠s ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ✐♥ H˙s✲♥♦r♠ ❡❛s✐❧②✳ ❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✺✳✶✱ ✇❡ ❤❛✈❡
‖Tet∆r0(u)‖H˙s=B˙s2,2 6 C‖e
t∆r0‖
B˙
s− 32
∞,∞
‖u‖
B˙
3
2
2,2
.
▲❡t ✉s r❡❝❛❧❧ t❤❛t
1
pθ
✐s ❞❡✜♥❡❞ ❜②
1
pθ
=
θ
p
+
1− θ
2
✱ ❢♦r ❛♥② θ ✐♥ ]0, 1[✳
❆ ❝❧❛ss✐❝❛❧ r❡s✉❧t ❞✉❡ t♦ ❇❡r♥st❡✐♥✬s ✐♥❡q✉❛❧✐t② ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♠❜❡❞❞✐♥❣ B˙s(1−θ)pθ,∞ →֒ B˙
s− 3
2∞,∞✳
❚❤❡r❡❢♦r❡ ✇❡ ✐♥❢❡r t❤❛t
‖Tet∆r0(u)‖L2T (H˙s) . ‖e
t∆r0‖L∞T (B˙s(1−θ)pθ,∞ )‖u‖L2T (H˙ 32 ).
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❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❛♥❦s t♦ t❤❡ ❤②♣♦t❤❡s✐s 12 < s <
3
2 ✱ ✇❡ r❡❝♦✈❡r t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s s♦❧✉t✐♦♥ u
✐♥ XsT ✲♥♦r♠ ❜② ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ❛r❣✉♠❡♥t✳ ❆s ‖u‖H˙ 32 . ‖u‖
s− 1
2
H˙s
‖u‖
3
2
−s
H˙s+1
✱ ✇❡ ❣❡t
‖u‖2
L2T (H˙
3
2 )
=
∫ T
0
‖u‖2s−1
H˙s
‖u‖3−2s
H˙s+1
dt . ‖u‖2s−1
L∞T (H˙
s)
T s−
1
2 ‖u‖3−2s
L2T (H˙
s+1)
. T s−
1
2 ‖u‖2XsT .
✭✺✶✮
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s✐♠♣❧❡ ❡♠❜❡❞❞✐♥❣ ℓpθ(Z) ⊂ ℓ∞(Z) ✐♠♣❧✐❡s
‖et∆r0‖L∞T (B˙s(1−θ)pθ,∞ ) 6 ‖r0‖B˙s(1−θ)pθ,∞ 6 ‖r0‖B˙s(1−θ)pθ,pθ .
❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦r t❤❡ ✜rst t✇♦ t❡r♠s
‖R(et∆r0, u)‖L2T (H˙s) + ‖Tet∆r0(u)‖L2T (H˙s) . T
1
2
(s− 1
2
) ‖r0‖B˙s(1−θ)pθ,pθ ‖u‖XsT .
❚❤❡ ❧❛st t❡r♠ Tu(e
t∆r0) ✐s ♠♦r❡ ❞❡❧✐❝❛t❡✳ ◆♦t❡ t❤❛t✱ ❤❡r❡✱ ❛s ✇❡ ✇♦r❦ ❧♦❝❛❧❧② ✐♥ t✐♠❡✱ ❧♦✇ ❢r❡q✉❡♥❝✐❡s ❞♦
♥♦t ♣❧❛② ❛ ♠❛❥♦r r♦❧❡✱ ✉♥❧✐❦❡ ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s✳ ❆s ❛ r❡s✉❧t✱ ✇❡ ❤❛✈❡ t♦ ❤❛♥❞❧❡ ❧♦✇ ❛♥❞ ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s
s❡♣❛r❛t❡❧②✳ ■t ✐s ♥❛t✉r❛❧ t♦ s♣❧✐t t❤❡♠ ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r s✐③❡✿ ❡✐t❤❡r t❤❡ ❢r❡q✉❡♥❝✐❡s ❛r❡ ❧♦✇ ✭✐♥ t❤❡
s❡♥s❡ t❤❛t
√
T2j 6 C✮ ♦r t❤❡ ❢r❡q✉❡♥t✐❡s ❛r❡ ❤✐❣❤ ✭✐♥ t❤❡ s❡♥s❡ t❤❛t
√
T2j > C✮✳
❋✐rst❧②✱ ❧❡t ✉s ♦❜s❡r✈❡ t❤❛t
‖Tu(et∆r0)‖L2T (H˙s) = ‖Tu(e
t∆r0)‖L2T (B˙s2,2) =
(
2js‖∆˙jTu(et∆r0)‖L2T (L2)
)
ℓ2(Z)
.
❲❡ s♣❧✐t✱ ❛❝❝♦r❞✐♥❣ t♦ ❧♦✇ ❛♥❞ ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s
‖Tu(et∆r0)‖L2T (H˙s) 6
(
2js‖∆˙jTu(et∆r0)‖L2T (L2)1{√T2j6C}
)
ℓ2(Z)
+
(
2js‖∆˙jTu(et∆r0)‖L2T (L2)1{√T2j>C}
)
ℓ2(Z)
.
✭✺✷✮
❆ ❝❧❛ss✐❝❛❧ r❡s✉❧t ✐♥ ▲✐tt❧❡✇♦♦❞ P❛❧❡② t❤❡♦r② ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s
∆˙jTu(e
t∆r0) =
∑
|j−j′|64
S˙j′−1u ∆˙j′(et∆r0).
❚❤❡r❡❢♦r❡✱ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ②✐❡❧❞s
‖∆˙jTu(et∆r0)‖L2 6
∑
|j−j′|64
‖S˙j′−1u‖Lqθ ‖∆˙j′(et∆r0)‖Lpθ ✇✐t❤ 1
2
=
1
pθ
+
1
qθ
.
■♥ ♣❛rt✐❝✉❧❛r✱ ❇❡r♥st❡✐♥✬s ✐♥❡q✉❛❧✐t② ✐♠♣❧✐❡s
‖S˙j′−1u‖Lqθ 6
j′−2∑
j′′=−∞
‖∆˙j′′u‖Lqθ
.
j′−2∑
j′′=−∞
2
3j′′( 1
2
− 1
qθ
)‖∆˙j′′u‖L2 =
j′−2∑
j′′=−∞
2
j′′( 3
pθ
−s)
2j
′′s‖∆˙j′′u‖L2 .
❆♣♣❧②✐♥❣ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ✐♥❢❡r t❤❡r❡ ❡①✐sts ❢♦r ❛♥② t✱ ❛ s❡q✉❡♥❝❡ (cj(t))j∈Z ❜❡❧♦♥❣✐♥❣ t♦ t❤❡
s♣❤❡r❡ ♦❢ ℓqθ(Z)✱ s✉❝❤ t❤❛t
‖S˙j′−1u‖Lqθ 6 C cj′(t) 2j
′( 3
pθ
−s) ‖u(t)‖B˙s2,qθ .
❆s qθ > 2✱ ℓ
2(Z) ✐s ✐♥❝❧✉❞❡❞ ✐♥ ℓqθ(Z)✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
‖S˙j′−1u‖Lqθ 6 C cj′(t) 2j
′( 3
pθ
−s) ‖u(t)‖B˙s2,2 .
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❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡
‖∆˙jTu(et∆r0)‖L2 .
∑
|j−j′|64
cj′(t)2
j′( 3
pθ
−2s+θ s)‖u(t)‖B˙s2,2 2
sj′(1−θ)‖∆˙j′(et∆r0)‖Lpθ .
❆s j ❛♥❞ j′ ❛r❡ ❡q✉✐✈❛❧❡♥t✱ ✇❡ ❝❛♥ ✇r✐t❡
‖∆˙jTu(et∆r0)‖L2 . cj(t)2j(
3
pθ
−2s+θ s)‖u(t)‖B˙s2,2 2
js(1−θ)‖∆˙j(et∆r0)‖Lpθ .✭✺✸✮
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ▲❡♠♠❛ 2.4 ♦❢ ❬✶❪✮
✭✺✹✮ ‖∆˙j′(et∆r0)‖Lpθ . e−t22j
′
‖∆˙j′r0‖Lpθ .
❆s e−t22j
′
6 1✱ ✐♥t❡❣r❛t✐♦♥ ✐♥ t✐♠❡ ②✐❡❧❞s
‖∆˙j′(et∆r0)‖LpθT (Lpθ ) . T
1
pθ ‖∆˙j′r0‖Lpθ .
❆❜♦✈❡ r❡s✉❧t ❝♦♠❜✐♥✐♥❣ ✇✐t❤ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ✐♥ t✐♠❡ ✐♠♣❧②
2js‖∆˙jTu(et∆r0)‖L2T (L2) . 2
j( 3
pθ
−s+θ s)‖u(t)‖L∞T (H˙s)‖cj(t)‖LqθT T
1
pθ 2js(1−θ) ‖∆˙jr0‖Lpθ .
❚❤❡r❡❢♦r❡✱ ❛s ❢❛r ❛s t❤❡ ❧♦✇ ❢r❡q✉❡♥❝✐❡s ❛r❡ ❝♦♥❝❡r♥❡❞ ✭
√
T2j 6 C✮✱ ✇❡ ❤❛✈❡
2js‖∆˙jTu(et∆r0)‖L2T (L2)1{√T2j6C} . T
− 1
2
( 3
pθ
−s+θ s)‖u(t)‖L∞T (H˙s)‖cj(t)‖LqθT
× T
1
pθ 2js(1−θ) ‖∆˙jr0‖Lpθ .
❆♣♣❧②✐♥❣ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ℓ2(Z)✲♥♦r♠✱ ✇❡ ❤❛✈❡(
2js‖∆˙jTu(et∆r0)‖L2T (L2)1{√T2j6C}
)
ℓ2(Z)
6 T
− 1
2
( 3
pθ
−s+θ s)+ 1
pθ ‖u(t)‖L∞T (H˙s)
×
(
‖cj(t)‖LqθT
)
ℓqθ (Z)
‖r0‖B˙s(1−θ)pθ,pθ .
❈❧❡❛r❧②✱ ✇❡ ❤❛✈❡
(
‖cj(t)‖LqθT
)
ℓqθ (Z)
6 T
1
qθ ✳ ❇❡s✐❞❡s✱ ✇❡ ❤❛✈❡
−1
2
(
3
pθ
− s+ θ s
)
+
1
pθ
+
1
qθ
= −1
2
(
3
pθ
− s+ θ s− 1
)
= −1
2
(
3θ
p
+
3(1− θ)
2
− s+ θ s− 1
)
= −1
2
(
3θ
2
− θ s+ 3(1− θ)
2
− s+ θ s− 1
)
=
1
2
(
s− 1
2
)
·
❆s ❛ r❡s✉❧t✱ ✇❡ ✐♥❢❡r t❤❛t(
2js‖∆˙jTu(et∆r0)‖L2T (L2)1{√T2j6C}
)
ℓ2(Z)
6 T
1
2
(s− 1
2
) ‖u(t)‖L∞T (H˙s)‖r0‖B˙s(1−θ)pθ,pθ .
❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❧♦✇ ❢r❡q✉❡♥❝✐❡s✳ ❋♦r t❤❡ ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s✱ ✇❡ ♥❡❡❞ t♦ ✉s❡ t❤❡
s♠♦♦t❤✐♥❣ ❡✛❡❝t ♦❢ t❤❡ ❤❡❛t ✢♦✇✳ ❚❤❛♥❦s t♦ ✭✺✹✮✱ ✇❡ ✐♥❢❡r
✭✺✺✮ ‖∆˙j′(et∆r0)‖LpθT (Lpθ ) . 2
−2j′
pθ ‖∆˙j′r0‖Lpθ .
❲❡ ✇r✐t❡ ❛♥ ❡st✐♠❛t❡ ❢♦r 2js‖∆˙jTu(et∆r0)‖L2T (L2)1{√T2j>C}✳ ❲❡ ❝♦♠❡ ❜❛❝❦ t♦ ✭✺✸✮✱ ✇❡ ✐♥t❡❣r❛t❡ ✐♥
t✐♠❡✱ ❛♣♣❧②✐♥❣ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②
2js‖∆˙jTu(et∆r0)‖L2T (L2) . 2
j( 1
pθ
−s+θ s) ‖u(t)‖L∞T (H˙s) ‖cj(t)‖LqθT
× 2j
(
(1−θ)s+ 2
pθ
)
‖∆˙j(et∆r0)‖LpθT (Lpθ ).
✭✺✻✮
❆❇❖❯❚ ❚❍❊ ❇❊❍❆❱■❖❯❘ ❖❋ ❘❊●❯▲❆❘ ◆❆❱■❊❘✲❙❚❖❑❊❙ ❙❖▲❯❚■❖◆❙ ◆❊❆❘ ❚❍❊ ❇▲❖❲ ❯P ✷✸
❍✐❣❤ ❢r❡q✉❡♥❝✐❡s ❤②♣♦t❤❡s✐s ✐♠♣❧✐❡s
2js‖∆˙jTu(et∆r0)‖L2T (L2)1{√T2j>C} . T
− 1
2
( 1
pθ
−s+θ s)‖u(t)‖L∞T (H˙s)‖cj(t)‖LqθT
× 2j((1−θ)s+
2
pθ
) ‖∆˙j(et∆r0)‖LpθT (Lpθ ).
❚❤❛♥❦s t♦ ✭✺✺✮✱ ✇❡ ✐♥❢❡r
2js‖∆˙jTu(et∆r0)‖L2T (L2)1{√T2j>C} . T
− 1
2
( 1
pθ
−s+θ s)‖u(t)‖L∞T (H˙s)‖cj(t)‖LqθT
× 2j((1−θ)s) ‖∆˙jr0‖Lpθ .
✭✺✼✮
❖♥❝❡ ❛❣❛✐♥✱ ✇❡ ❛♣♣❧② ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ℓ2(Z)✲♥♦r♠ ❛♥❞ ✇❡ ❤❛✈❡(
2js‖∆˙jTu(et∆r0)‖L2T (L2)1{√T2j>C}
)
ℓ2(Z)
. T
− 1
2
( 1
pθ
−s+θ s)+ 1
qθ ‖u(t)‖L∞T (H˙s)‖r0‖LpθT (B˙(1−θ)spθ,pθ ).
❚❤❡♥✱ t❤❡ s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥ −1
2
( 1
pθ
− s+ θ s
)
+
1
qθ
=
1
2
(
s− 1
2
)
✐♠♣❧✐❡s(
2j‖∆˙jTu(et∆r0)‖L2T (L2)1{√T2j>C}
)
ℓ2(Z)
. T
1
2
(s− 1
2
) ‖u(t)‖L∞T (H˙s)‖r0‖B˙s(1−θ)pθ,pθ .
❚❤✐s ❡♥❞s ✉♣ t❤❡ ♣r♦♦❢ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ♦❢ t❤❡ ♣r♦♣♦✲
s✐t✐♦♥ ✐s ♣r♦✈❡❞✳
◆♦✇✱ ❧❡t ✉s ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t②✱ ✇❤✐❝❤ ♣r♦♦❢ ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳ ❲❡ ❣✐✈❡s ♦♥❧②
♦✉t❧✐♥❡s✳ ❚❤❛♥❦s t♦ ❇♦♥②✬s ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇❡ ❤❛✈❡
u⊗ et∆r0 = Tet∆r0u+R(et∆r0, u) + Tu(et∆r0).
❚❤❡ ✜rst t✇♦ t❡r♠s ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ✐♥ H˙s✲♥♦r♠ ❡❛s✐❧②✱ t❤❛♥❦s t♦ ♠❛♣♣✐♥❣ ♦❢ ♣❛r❛♣r♦❞✉❝t ✐♥ t❤❡
❇❡s♦✈ s♣❛❝❡s ✭❝❢ ❚❤❡♦r❡♠ ✺✳✶✮
‖Tet∆r0u‖B˙s2,2 6 C‖e
t∆r0‖
B˙
α− 32
∞,∞
‖u‖
B˙
s+32−α
2,2
.
❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❇❡r♥st❡✐♥✬s ▲❡♠♠❛ ❛♥❞ ♦❜✈✐♦✉s ❡♠❜❡❞❞✐♥❣ ℓ2(Z) ⊂ ℓ∞(Z) ❡♥s✉r❡ t❤❛t
B˙α2,2 →֒ B˙
α− 3
2
∞,2 →֒ B˙
α− 3
2∞,∞ ❛♥❞ t❤✉s ‖et∆r0‖
B˙
α− 32
∞,∞
. ‖et∆r0‖B˙α2,2 .
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s s 6 s+ 32 − α 6 s+ 1✱ u ❜❡❧♦♥❣s t♦ B˙
s+ 3
2
−α
2,2 ✳ ■♥t❡r♣♦❧❛t✐♦♥ ❛r❣✉♠❡♥t ②✐❡❧❞s
‖u‖
B˙
s+32−α
2,2
6 C ‖u‖
H˙s+
3
2−α
6 ‖u‖α−
1
2
H˙s
‖u‖
3
2
−α
H˙s+1
.
❇② ✐♥t❡❣r❛t✐♦♥ ✐♥ t✐♠❡ ❛♥❞ t❤❛♥❦s t♦ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡
‖u‖2
L2T (H˙
s+32−α)
6
∫ T
0
‖u(t, · )‖2α−1
H˙s
‖u(t, · )‖3−2α
H˙s+1
dt
6 Tα−
1
2 ‖u‖2α−1
L∞T (H˙
s)
‖u‖3−2α
L2T (H˙
s+1)
.
❋✐♥❛❧❧②✱ ✇❡ ❣❡t
‖u‖
L2T (H˙
s+32−α)
6 T
1
2
(α− 1
2
) ‖u‖XsT .
❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡❞✉❝❡ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ t❡r♠ ‖Tet∆r0(u)‖L2T (H˙s) ❛♥❞ ‖R(e
t∆r0, u)‖L2T (H˙s)✳
‖Tet∆r0u‖L2T (H˙s) 6 T
1
2
(α− 1
2
) ‖u‖XsT ‖r0‖H˙α .
‖R(et∆r0, u)‖L2T (H˙s) 6 T
1
2
(α− 1
2
) ‖u‖XsT ‖r0‖H˙α .
✷✹ ❊❯●➱◆■❊ P❖❯▲❖◆
◆♦✇✱ ✐♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤❡ ❧❛st t❡r♠ ‖Tu(et∆r0)‖L2T (H˙s)✱ ✇❡ s❤❛❧❧ ♥❡❡❞ s♣❧✐tt✐♥❣✱ ❛❝❝♦r❞✐♥❣ ❧♦✇ ❛♥❞
❤✐❣❤ ❢r❡q✉❡♥❝✐❡s ✭❡✳❣
√
T 2j 6 1 ♦r
√
T 2j > 1✮✳ ❚❤❛t ✐s ❡①❛❝t❧② t❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥s ❛s ✐♥ t❤❡ ♣r♦♦❢
♦❢ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥
‖∆˙jTu(et∆r0)‖L2 .
∑
|j−j′|64
‖S˙j′−1u‖Lp‖∆˙j′(et∆r0)‖
L
3
s
.
❚❤❛♥❦s t♦ t❤❡ ♣r♦♣❡rt② ‖S˙j′−1u‖Lp . ‖u‖Lp ❛♥❞ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ j ❛♥❞ j′✱ ✇❡ ❣❡t
‖∆˙jTu(et∆r0)‖L2 . ‖u‖Lp‖∆˙j(et∆r0)‖L 3s .
❇② ✈❡rt✉❡ ♦❢ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ✐♥ t✐♠❡
2js ‖∆˙jTu(et∆r0)‖L2T (L2) 6 2
js ‖u‖L∞T (H˙s) ‖∆˙j(e
t∆r0)‖
L2T (L
3
s )
.
❈♦♥❝❡r♥✐♥❣ ❧♦✇ ❢r❡q✉❡♥❝✐❡s ✭❡✳❣
√
T 2j 6 1✮✱ ✇❡ ❝♦♠❜✐♥❡ ✭✺✹✮ ✇✐t❤ t❤❡ r♦✉❣❤ ❜♦✉♥❞❛r② e−t22j 6 1 ❛♥❞
✇❡ ❣❡t
2js ‖∆˙jTu(et∆r0)‖L2T (L2) 1{√T2j6C} . 2
js ‖u‖L∞T (H˙s) ‖∆˙j(r0)‖L2T (L 3s )
. 2js ‖u‖L∞T (H˙s) 2
−j(α+s− 3
2
) 2j(α+s−
3
2
) ‖∆˙j(r0)‖
L2T (L
3
s )
. 2−j(α−
3
2
) ‖u‖L∞T (H˙s) 2
j(α+s− 3
2
) T
1
2 ‖∆˙j(r0)‖
L
3
s
.
❍②♣♦t❤❡s✐s ♦❢ ❧♦✇ ❢r❡q✉❡♥❝✐❡s ✐♠♣❧✐❡s
✭✺✽✮
(
2js ‖∆˙jTu(et∆r0)‖L2T (L2) 1{√T2j6C}
)
ℓ2(Z)
. T
1
2
(α− 1
2
) ‖u‖L∞T (H˙s) ‖r0‖B˙α+s− 323
s ,2
.
❆s ❢❛r ❛s ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s ❛r❡ ❝♦♥❝❡r♥❡❞ ✭❡✳❣
√
T 2j > 1✮✱ ✭✺✹✮ ❝♦♠❜✐♥✐♥❣ ✇✐t❤ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡
t❡r♠ e−t2
2j
♦♥ [0, T ]✱ ❣✐✈❡s
2js ‖∆˙jTu(et∆r0)‖L2T (L2) 1{√T2j>C} . 2
js ‖u‖L∞T (H˙s) 2
−j‖∆˙j(r0)‖
L
3
s
. 2j(s−1) ‖u‖L∞T (H˙s) 2
−j(α+s− 3
2
) 2j(α+s−
3
2
) ‖∆˙j(r0)‖
L
3
s
. 2−j(α−
1
2
) ‖u‖L∞T (H˙s) 2
j(α+s− 3
2
) ‖∆˙j(r0)‖
L
3
s
.
❍②♣♦t❤❡s✐s ♦❢ ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s ❣✐✈❡s
✭✺✾✮
(
2js ‖∆˙jTu(et∆r0)‖L2T (L2) 1{√T2j>C}
)
ℓ2(Z)
. T
1
2
(α− 1
2
) ‖u‖L∞T (H˙s) ‖r0‖B˙α+s− 323
s ,2
.
❈♦♠❜✐♥✐♥❣ ✭✺✽✮ ❛♥❞ ✭✺✾✮ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t B˙α2,2 ✐s ❡♠❜❡❞❞❡❞ ✐♥ B˙
α+s− 3
2
3
s
,2
✱ ✇❡ ❣❡t ✜♥❛❧❧②
✭✻✵✮ ‖Tu(et∆r0)‖L2T (H˙s) . T
1
2
(α− 1
2
) ‖u‖L∞T (H˙s) ‖r0‖H˙α .
❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳ ◆♦✇✱ ❧❡t ✉s st❛t❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥
❧❡♠♠❛✳ 
▲❡♠♠❛ ✺✳✻✳ ▲❡t 0 < σ < 32 ❛♥❞ ε > 0✳ ▲❡t a ❜❡ ❛♥ ❡❧❡♠❡♥t ♦❢ L
4
T (H˙
σ)✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛
❝♦♥st❛♥t C > 0✱ t❤❡r❡ ❡①✐sts ❛ ❢❛♠✐❧② ♦❢ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ❢✉♥❝t✐♦♥s✱ aε✱ ✇❤✐❝❤ s❛t✐s✜❡s ❢♦r ❛♥②
♣♦s✐t✐✈❡ T
lim
ε→0
‖a− aε‖L4T (H˙σ) = 0 ❛♥❞✭✻✶✮
‖aε‖L4T (H˙σ) 6 C ‖a‖L4T (H˙σ).✭✻✷✮
❆❇❖❯❚ ❚❍❊ ❇❊❍❆❱■❖❯❘ ❖❋ ❘❊●❯▲❆❘ ◆❆❱■❊❘✲❙❚❖❑❊❙ ❙❖▲❯❚■❖◆❙ ◆❊❆❘ ❚❍❊ ❇▲❖❲ ❯P ✷✺
Pr♦♦❢✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢✉♥❝t✐♦♥ aε ❞❡✜♥❡❞ ❜②
aε = χ(ε· )a,
✇❤❡r❡ χ ✐s t❤❡ ✉s✉❛❧ ❢♦♥❝t✐♦♥ ♦❢ D(■❘3) ✇✐t❤ ✈❛❧✉❡ 1 ♥❡❛r 0✳
▲❡t ✉s st❛rt ❜② ♣r♦✈✐♥❣ ✭✻✷✮✳ ❉✉❡ t♦ ♣r♦❞✉❝t r✉❧❡ ✐♥ ❙♦❜♦❧❡✈ s♣❛❝❡s r❡❝❛❧❧❡❞ ✐♥ ▲❡♠♠❛ ✺✳✸✱ ✇❡ ❤❛✈❡
‖aε‖H˙σ 6 C(σ) ‖χ(ε· )‖L∞ ∩ H˙ 32 ‖a‖H˙σ
6 C(σ) ‖χ‖
L∞ ∩ H˙ 32 ‖a‖H˙σ
6 C(σ) ‖a‖H˙σ
✭✻✸✮
◆♦✇ ✇❡ ♣r♦✈❡ ✭✻✶✮✳ ■♥ ♦r❞❡r t♦ ❛♣♣❧② ▲❡❜❡s❣✉❡ ❚❤❡♦r❡♠✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡
❝♦♥st❛♥t C✱ s✉❝❤ t❤❛t
✭✻✹✮ lim
ε→0
‖aε − a‖H˙σ = 0 ❛♥❞ ‖aε − a‖H˙σ 6 C.
▲❡t ✉s ♥♦t✐❝❡ t❤❛t ‖aε − a‖H˙σ ✐s ❜♦✉♥❞❡❞✱ t❤❛♥❦s t♦ ✭✻✸✮✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ limε→0 ‖aε − a‖H˙σ = 0✱
♦♥❡ ✇❛② ✐s t♦ ❛♣♣r♦❛❝❤ t❤❡ ❢✉♥❝t✐♦♥ a ❜② ❛♥ tr✉♥❝❛t❡❞ ❡❧❡♠❡♥t Aη ✇❤✐❝❤ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✐s ❞❡✜♥❡❞
❜② Âη(ξ) = â(ξ)1{η6|ξ|6 1
η
}✳ ■♥ t❤✐s ✇❛②✱ ❜② ✈❡rt✉❡ ♦❢ ▲❡❜❡s❣✉❡ ❚❤❡♦r❡♠✱ ✐t s❡❡♠s ❝❧❡❛r t❤❛t
✭✻✺✮ lim
η→0
‖Aη − a‖H˙σ = 0.
❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡
‖aε − a‖H˙σ = ‖(1− χ(ε · )) a‖H˙σ
6 ‖(1− χ(ε · )) (a−Aη) ‖H˙σ + ‖(1− χ(ε · ))Aη‖H˙σ .
❇② ✈❡rt✉❡ ♦❢ ▲❡♠♠❛ ✺✳✸✱ ✇❡ ❤❛✈❡
‖aε − a‖H˙σ 6 ‖1− χ(ε · )‖H˙ 32 ∩L∞ ‖a−Aη‖H˙σ + ‖(1− χ(ε · ))Aη‖H˙σ
6
(
1 + ‖χ‖
H˙
3
2 ∩L∞
)
‖a−Aη‖H˙σ + ‖(1− χ(ε · ))Aη‖H˙σ .
◆♦✇✱ ✇❡ ❤❛✈❡ ❥✉st t♦ ♣r♦✈❡ t❤❛t lim
ε→0
‖(1− χ(ε · ))Aη‖H˙σ = 0✳ ❚❤✐s ❝♦♠❡s ❢r♦♠ ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ❛r❣✉✲
♠❡♥t✳ ❋♦r ❛♥② 0 < σ < 32 ❛♥❞ σ < s <
3
2
✱
‖(1− χ(ε · ))Aη‖H˙σ 6 ‖(1− χ(ε · ))Aη‖
1−σ
s
L2
‖(1− χ(ε · ))Aη‖
σ
s
H˙s
6 ‖(1− χ(ε · ))Aη‖1−
σ
s
L2
(
1 + ‖χ‖
H˙
3
2 ∩L∞
)
‖Aη‖
σ
s
H˙s
.
❚♦ ❝♦♥❝❧✉❞❡✱ ✇❡ ❤❛✈❡ ❥✉st t♦ ♥♦t✐❝❡ t❤❛t t❤❡ t❡r♠ ‖(1− χ(ε · ))Aη‖1−
σ
s
L2
t❡♥❞s t♦ 0 ❢♦r ε s♠❛❧❧ ❡♥♦✉❣❤✱
❜② ✈❡rt✉❡ ♦❢ ▲❡❜❡s❣✉❡ ❚❤❡♦r❡♠✳ ❚❤❡ ♦t❤❡r t❡r♠ ✐s ♦❜✈✐♦✉s❧② ❜♦✉♥❞❡❞✱ s✐♥❝❡ Aη ❜❡❧♦♥❣s t♦ ❛♥② ❙♦❜♦❧❡✈
s♣❛❝❡s✱ ❢♦r ❛♥② ε > 0✱ t❤❛♥❦s t♦ tr✉♥❝❛t✉r❡ ♣r♦❝❡ss✳ 
✻✳ ❆♣♣❡♥❞✐① ❇✳
■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ♣r♦✈❡ ❛ ❣❡♥❡r❛❧ ❚❤❡♦r❡♠ ❛❜♦✉t ❛♥ ❡st✐♠❛t❡ ✐♥ t❤❡ XsT ✲s♣❛❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ ♦❢ ❛
♣❡rt✉r❜❡❞ ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠✳ ❚❤❡ ♠❡t❤♦❞ ✐s st❛♥❞❛r❞✿ t❤❡ ✜rst st❡♣ ❝♦♥s✐sts ✐♥ ❡st❛❜❧✐s❤✐♥❣ ❛♥ H˙s✲
❡♥❡r❣② ❡st✐♠❛t❡✳ ❚❤❡♥✱ s♦♠❡ ❝♦♠♣✉t❛t✐♦♥s ♦♥ s❝❛❧❛r✲♣r♦❞✉❝t t❡r♠s ❧❡❛❞ t♦ ❛♥ ✐♥❡q✉❛❧✐t② ♦♥ ✇❤✐❝❤ ✇❡
❝❛♥ ❛♣♣❧② ●r♦♥✇❛❧❧✬s ❧❡♠♠❛✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❛♣♣❧② t❤✐s ❚❤❡♦r❡♠ t♦ ♣r♦✈❡ t❤❛t t❤❡ ♠❛♣ u0 7→ T∗(u0)
✐s ❛ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥♦✉s ❢✉♥❝t✐♦♥ ♦♥ H˙s✳
❚❤❡♦r❡♠ ✻✳✶✳ ▲❡t q ❜❡ ❛♥ ❡❧❡♠❡♥t ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s♣❛❝❡ XsT ✱ ❞❡✜♥❡❞ ❜② ❢♦r ❛♥② T < T˜ (q) = T˜
‖q‖2XsT
❞❡❢
= ‖q‖2
L∞T (H˙
s)
+ ‖q‖2
L2T (H˙
s+1)
.
✷✻ ❊❯●➱◆■❊ P❖❯▲❖◆
▲❡t r ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡rt✉r❜❡❞ ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠

∂tr + r.∇r −∆r + r · ∇q + q.∇r = −f −∇p
div r = 0
r|t=0 = r0.
▲❡t ε0 > 0✳ ▲❡t T0 ❜❡ t❤❡ t✐♠❡ ❞❡✜♥❡❞ ❜②
T0
❞❡❢
= sup
{
0 < T < T˜ (q) | ‖r(t)‖2
L∞T (H˙
s)
6 ε0
}
.
❚❤❡♥✱ ❢♦r ❛♥② t 6 T0✱ ✇❡ ❤❛✈❡
‖r‖2XsT .
(
‖r0‖2H˙s + ‖f‖2L2T (H˙s−1)
)
exp
(
ε
2
2s−1
0 T˜ + T˜
s− 1
2 ‖q‖2XsT + T˜ ‖q‖
4
2s−1
L∞T (H˙
s)
)
.
Pr♦♦❢✳ ❆ H˙s s❝❛❧❛r✲♣r♦❞✉❝t✱ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ tr✐❛♥❣✉❧❛r ✐♥❡q✉❛❧✐t② ②✐❡❧❞
‖r‖2
X˜sT
❞❡❢
= ‖r‖2
H˙s
+ 2
∫ t
0
‖r(t′)‖2
H˙s+1
dt′
6 ‖r0‖2H˙s + 2
∫ t
0
∣∣((r · ∇r) | r)
H˙s
∣∣ dt′ + 2 ∫ t
0
∣∣((q · ∇r) | r)
H˙s
∣∣ dt′
+ 2
∫ t
0
∣∣((r · ∇q) | r)
H˙s
∣∣ dt′ + 2 ∫ t
0
∣∣(f | r)
H˙s
∣∣ dt′.
✭✻✻✮
❲❡ ❛ss❡ss ❡❛❝❤ t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡❀ t❤❡ ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❝♦♥❞✐t✐♦♥ ✐♠♣❧✐❡s∣∣((r · ∇r) | r)
H˙s
∣∣ 6 ‖r · ∇r‖H˙s−1 ‖r‖H˙s+1
6 ‖r ⊗ r‖H˙s ‖r‖H˙s+1 ·
❚❤❛♥❦s t♦ ❈♦r♦❧❧❛r② ✺✳✹✱ ✇❡ ✐♥❢❡r t❤❛t∣∣((r · ∇r) | r)
H˙s
∣∣ 6 C(s) ‖r‖s+ 12
H˙s
‖r‖
5
2
−s
H˙s+1
·
❚❤❡♥✱ ✐♥t❡❣r❛t✐♥❣ ✐♥ t✐♠❡ ❛♥❞ ❛♣♣❧②✐♥❣ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②
(
ab 6
ap
p
+
bp
′
p′
, ✇✐t❤
1
p
+
1
p′
= 1
)
②✐❡❧❞
∫ t
0
∣∣((r · ∇r) | r)
H˙s
∣∣ dt′ 6 C(s) ∫ t
0
‖r‖s+
1
2
H˙s
‖r‖
5
2
−s
H˙s+1
dt′
6 C(s)
∫ t
0
‖r‖2
2s+1
2s−1
H˙s
dt′ +
1
12
∫ t
0
‖r‖2
H˙s+1
dt′.
✭✻✼✮
◆♦✇ ✇❡ ❤❛✈❡ t♦ ❡st✐♠❛t❡
∫ t
0
∣∣((r · ∇q) | r)
H˙s
∣∣ dt′ ❛♥❞ ∫ t
0
∣∣((q · ∇r) | r)
H˙s
∣∣ dt′✳ ❆❝t✉❛❧❧②✱ t❤❛♥❦s t♦ t❤❡
❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ❝♦♥❞✐t✐♦♥✱ ✐t ✐s ❡①❛❝t❧② t❤❡ s❛♠❡ ❡st✐♠❛t❡ ❛♥❞ ✇❡ ❣❡t∣∣((r · ∇q) | r)
H˙s
∣∣ 6 ‖r · ∇q‖H˙s−1 ‖r‖H˙s+1
6 ‖r ⊗ q‖H˙s ‖r‖H˙s+1 .
❖♥❝❡ ❛❣❛✐♥✱ ❈♦r♦❧❧❛r② ✺✳✹ ❣✐✈❡s∫ t
0
∣∣((r · ∇q) | r)
H˙s
∣∣ dt′ 6 C(s) ∫ t
0
‖r‖H˙s‖q‖
s− 1
2
H˙s
‖q‖
3
2
−s
H˙s+1
‖r‖H˙s+1dt′
+ C(s)
∫ t
0
‖q‖H˙s ‖r‖
s− 1
2
H˙s
‖r‖
5
2
−s
H˙s+1
dt′.
❆❇❖❯❚ ❚❍❊ ❇❊❍❆❱■❖❯❘ ❖❋ ❘❊●❯▲❆❘ ◆❆❱■❊❘✲❙❚❖❑❊❙ ❙❖▲❯❚■❖◆❙ ◆❊❆❘ ❚❍❊ ❇▲❖❲ ❯P ✷✼
❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ✐♠♣❧✐❡s∫ t
0
∣∣((r · ∇q) | r)
H˙s
∣∣ dt′ 6 C(s) ∫ t
0
‖r‖2
H˙s
‖q‖2s−1
H˙s
‖q‖3−2s
H˙s+1
dt′
+ C(s)
∫ t
0
‖q‖
4
2s−1
H˙s
‖r‖2
H˙s
dt′ +
2
12
∫ t
0
‖r‖2
H˙s+1
dt′.
✭✻✽✮
❙❛♠❡ ❛r❣✉♠❡♥ts ❣✐✈❡ ❛♥ ❡st✐♠❛t❡ ♦❢ ❡①t❡r✐♦r ❢♦r❝❡ t❡r♠∫ t
0
∣∣(f | r)
H˙s
∣∣dt′ 6 ∫ t
0
‖f‖H˙s−1 ‖r‖H˙s+1 dt′
6 C
∫ t
0
‖f‖2
H˙s−1
dt′ +
1
12
∫ t
0
‖r‖2
H˙s+1
dt′.
✭✻✾✮
❈♦♠❜✐♥✐♥❣ ■♥❡q✉❛❧✐t✐❡s ✭✻✻✮✱ ✭✻✼✮✱ ✭✻✽✮ ❛♥❞ ✭✻✾✮✱ ✇❡ ❣❡t
‖r‖2
X˜sT
6 ‖r0‖2H˙s + C
∫ t
0
‖f‖2
H˙s−1
dt′ + 2
∫ t
0
6
12
‖r‖2
H˙s+1
dt′
+ C(s)
∫ t
0
‖r‖2
H˙s
(
‖r‖
4
2s−1
H˙s
+ ‖q‖2s−1
H˙s
‖q‖3−2s
H˙s+1
+ ‖q‖
4
2s−1
H˙s
)
dt′.
✭✼✵✮
▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ t✐♠❡ T0 ❞❡✜♥❡❞ ❜②
T0
❞❡❢
= sup
{
0 < T < T˜ | ‖r(t)‖2
L∞T (H˙
s)
6 ε0
}
.
❚❤❡r❡❢♦r❡✱ ❢♦r ❛♥② t 6 T0✱ ✇❡ ❤❛✈❡
‖r‖2XsT
❞❡❢
= ‖r‖2
H˙s
+
∫ t
0
‖r(t′)‖2
H˙s+1
dt′
. ‖r0‖2H˙s +
∫ t
0
‖f‖2
H˙s−1
dt′ +
∫ t
0
‖r‖2
H˙s
(
ε
2
2s−1
0 + ‖q‖2s−1H˙s ‖q‖
3−2s
H˙s+1
+ ‖q‖
4
2s−1
H˙s
)
.
❚❤❛♥❦s t♦ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛✱ ✇❡ ✐♥❢❡r t❤❛t ❢♦r ❛♥② T < T0 6 T˜
‖r‖2XsT .
(
‖r0‖2H˙s + ‖f‖2L2T (H˙s−1)
)
exp
(
ε
2
2s−1
0 T˜ + T˜
s− 1
2 ‖q‖2XsT + T˜ ‖q‖
4
2s−1
L∞T (H˙
s)
)
.
❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ❚❤❡♦r❡♠ ✻✳✶✳ 
Pr♦♣♦s✐t✐♦♥ ❜❡❧♦✇ ✐s ✇❡❧❧✲❦♥♦✇♥ ❛♥❞ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✻✳✶✳ ❲❡ ♣❡rt✉r❜ ❛
❞❛t❛ ❜② ❛ s♠❛❧❧ t❡r♠ ❛♥❞ ✇❡ ❛r❡ ✐♥t❡r❡st✐♥❣ ✐♥ t❤❡ ❝♦♥s❡q✉❡♥❝❡ ♦♥ t❤❡ ❧✐❢❡s♣❛♥ ♦❢ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s
s♦❧✉t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ s✉❝❤ ❛ ♣❡rt✉r❜❡❞ ❞❛t❛✳ ❚❤❡ ❧✐❢❡s♣❛♥ ♦❢ ♣❡rt✉r❜❡❞ ◆❛✈✐❡r✲❙t♦❦❡s s♦❧✉t✐♦♥ ❝❛♥
♥♦t ❞❡❝r❡❛s❡ t♦♦ ♠✉❝❤✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❧✐❢❡s♣❛♥ ♦❢ t❤❡ ♥♦♥✲♣❡rt✉r❜❡❞ ♦♥❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳
Pr♦♣♦s✐t✐♦♥ ✻✳✷✳ ❚❤❡ ♠❛♣ u0 7→ T∗(u0) ✐s ❛ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥♦✉s ❢✉♥❝t✐♦♥ ♦♥ H˙s
❡✳❣✳ ∀ε > 0, ∃α > 0, ∀v0 ✐♥ H˙s s✉❝❤ t❤❛t ‖v0‖H˙s < α, t❤❡♥ T∗(u0 + v0) > T∗(u0)− ε.
▼♦r❡♦✈❡r✱ ✭✉♥❞❡r ♥♦t❛t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✻✳✶✮✱ ❛ ❝♦♥st❛♥t C > 0 ❡①✐sts s✉❝❤ t❤❛t ❢♦r ❛♥② T 6 T∗(u0)− ε
‖NS(u0 + v0)−NS(u0)‖2XsT 6 C ‖v0‖
2
H˙s
× exp
(
ε
2
2s−1
0 T + T
s− 1
2 ‖NS(u0)‖2XsT + T ‖NS(u0)‖
4
2s−1
L∞T (H˙
s)
)
.
✭✼✶✮
Pr♦♦❢✳ ▲❡t u0 ❛♥❞ v0 t✇♦ ❡❧❡♠❡♥ts ✐♥ H˙
s✳ ❲❡ ♦♣❡r❛t❡ ❛ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ❞❛t❛ u0 ❜② v0 ✭t❤❡
❛✐♠ ✐s t♦ q✉❛♥t✐❢② t❤✐s s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥✮ ❛♥❞ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t t❤❡ ❧✐❢❡s♣❛♥ ♦❢ t❤❡ ♣❡rt✉r❜❡❞
◆❛✈✐❡r✲❙t♦❦❡s s♦❧✉t✐♦♥ NS(u0 + v0) ❝❛♥ ♥♦t ❜❡ ♠✉❝❤ ❧❡ss t❤❛♥ t❤❡ ❧✐❢❡s♣❛♥ ♦❢ NS(u0)✳ ❚❤❡ ♣r♦❝❡ss ✐s
st❛♥❞❛r❞✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛♥ ❡rr♦r t❡r♠ R ❞❡✜♥❡❞ ❜②
R(t, x) = NS(u0 + v0)−NS(u0).
✷✽ ❊❯●➱◆■❊ P❖❯▲❖◆
❈❧❛ss✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s ✐♠♣❧② t❤❛t R ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡rt✉r❜❡❞ ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠
✭✼✷✮


∂tR+R · ∇R−∆R+R · ∇NS(u0) +NS(u0) · ∇R = −∇p
div R = 0
R|t=0 = v0.
▲❡t ε0 > 0✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ t✐♠❡ T0 ❞❡✜♥❡❞ ❜②
T0 := sup
{
0 < T < T∗(u0) | ‖R(t)‖2L∞T (H˙s) 6 ε0
}
.
❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✻✳✶✱ ✇❡ ✐♥❢❡r t❤❛t ❢♦r ❛♥② T 6 T0
‖R‖2XsT 6 C ‖v0‖
2
H˙s
exp
(
ε
2
2s−1
0 T + T
s− 1
2 ‖NS(u0)‖2XsT + T ‖NS(u0)‖
4
2s−1
L∞T (H˙
s)
)
.✭✼✸✮
❚❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ❣✐✈❡s t❤❡ s♠❛❧❧♥❡ss ❝♦♥❞✐t✐♦♥ ♦♥ ‖v0‖H˙s ✳ ■♥❞❡❡❞✱ s✉♣♣♦s❡ t❤❛t v0 s❛t✐✜❡s
✭✼✹✮ C ‖v0‖2H˙s exp
(
ε
2
2s−1
0 T + T
s− 1
2 ‖NS(u0)‖2XsT + T ‖NS(u0)‖
4
2s−1
L∞T (H˙
s)
)
6 ε0.
❚❤❡r❡❢♦r❡✱ t❤❡ ❡rr♦r t❡r♠ R✱ ❦❡❡♣s ♦♥ ❧✐✈✐♥❣ ✉♥t✐❧ t❤❡ t✐♠❡ T∗(u0) − ε✱ ❢♦r ❛♥② ε > 0✳ ❚❤✐s ❝♦♥❝❧✉❞❡s
t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳ 
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